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Chapter 3: Pre-Load Conditions on Mechanical Component with
FBDs, Statics and Stress Analysis
Even when the car is standing still, immense amount of forces, moments and torques are constantly
acting due to the weight of the car. These generate various pre-load stresses on the spring. It is
important to note that all of these forces are acting even before any passenger is sitting in the car and
when the car is stationary. Therefore, the spring is likely to fatigue even if the car is just stationary.
This is why it is important to calculate the pre-load conditions of the spring before we begin the
fatigue analysis, which is what this chapter will brief about. In learning about the pre-load conditions,
an additional information on the theory of shear forces as well.

Section 3.1: Pre-Load Static Force Conditions
As mentioned in the previous chapters, the mechanical component that we are analysing is the a
helical coil compression spring. This is a relatively simple mechanical component and is similar to the
springs we see in day to day life. However, it has a much higher spring constant, which allows it to
take the weight of the whole car, that is, thousands of pounds of weight. It is a compressive spring
which means that it is designed to be compressed when forces act on it.
It has been confirmed from the project requirement that the preload force must be 1000lbs.i This can
be seen in figure 1. It is always good to mention the different parameters in vector notations. This preload force is acting from the top in the negative y direction. Therefore, Wmin is given by Equation 3.11.
⃑
⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑
Wmin = 0î − Wmin j + 0k

Equation 3.1-1

Since this is the only force acting on the spring, this is the force that is responsible for all the forces
and moments. This can be seen from the free body diagram of the spring below.

Figure 3.1-1: Free body diagram of the spring
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This figure will be more useful in the following section 3.2.

Section 3.2: Pre-Torque and Shear Force Conditions
In the Figure 3.1-1, on the left we show the spring and the point in red that we are going to analyse.
We observe that there is only one force acting on the spring, displayed by W min. To analyse the spring,
we choose one point red on the spring which is right in the middle of the spring. There is no
preference in choosing this point other than it is in the middle of the analysis. If the user prefers to
select some other point, the analysis that will be carried out will be relatively easy to transfer to any
other point. Also, the method would be quite similar. Therefore, a vertical cut in the x-y plane is
carried out.
This cut is made and is shown on the right side of Figure 3.1-1. Additionally, a vector (𝑟 ) is drawn
from the point of cut made to the place where the force is applied. Various distances also have been
defined that will help in future calculations. From the Figure 3.2-1, it can be seen, there are in total 3
forces and 3 moments that act on the each small component of the spring. Our goal in this section is to
find all of those forces and moments to move further in our analysis.

Figure 3.2-1: Free body diagram of the cut section
Similar to before, let us carry out the sum of forces in the x and y direction to observe the forces
acting on the position identified. Since there are no forces acting in the x or z direction, we come to a
conclusion that
⃑⃑⃑𝑥 = 0; ⃑⃑⃑
Equation 3.2-1
𝐹
𝐹𝑧 = 0
Since there is a force acting in the y-direction, we do have to carry out a sum of the forces in the y
direction.
⃑⃑⃑𝑦 = 0
∑𝐹
Equation 3.2-2
⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑
−𝑊
𝑚𝑖𝑛 + 𝐹𝑦 = 0

Equation 3.2-3

𝐹𝑦 = ⃑⃑⃑⃑⃑⃑⃑⃑⃑⃑
𝑊𝑚𝑖𝑛 = 0𝑖̂ − 𝑊𝑚𝑖𝑛 𝑗 + 0𝑘⃑ = 𝑊𝑚𝑖𝑛 𝑗

Equation 3.2-4
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Therefore, we find that there is only force acting on the individual spring component and the
magnitude of it is equal to the pre-load force condition, that is, 1000lbf or 4448N. It turns out that this
is a shear force and will cause shear stress. Similarly, we can also calculate the different associated
moments. The moments equation can be written below:
⃑⃑ = ⃑0
∑𝑀

Equation 3.2-5

⃑⃑⃑⃑⃑
𝑀𝑥 + ⃑⃑⃑⃑⃑
𝑀𝑦 + ⃑⃑⃑⃑⃑
𝑀𝑧 + 𝑟 × ⃑⃑⃑
𝐹𝑦 = ⃑0

Equation 3.2-6

In order to proceed, we have to calculate the cross product. To learn how to calculate the cross
product, please proceed here.ii The matrix has been suggested below in equation 3.2-7.
𝑖
𝐷
𝑟 × ⃑⃑⃑
𝐹𝑦 = [−
2
0

𝑗

𝑘

𝐿

0] = 𝑊𝑚𝑖𝑛

−𝑊𝑚𝑖𝑛

𝐷
𝑘⃑
2

Equation 3.2-7

0

For the ease of calculation, we will replace Wmin with F0. Placing the value of cross product in
equation 3.2-6 we get:
𝐷
Equation 3.2-8
⃑⃑⃑⃑⃑𝑥 + 𝑀
⃑⃑⃑⃑⃑𝑦 + 𝑀
⃑⃑⃑⃑⃑𝑧 = −𝐹0 𝑘⃑
𝑀
2
On the right hand side of the equation, there is no component in the x or y direction, therefore, we
come to a conclusion that the moment in the x and y direction are 0. Therefore, the moment in the y
direction is given as:
𝐷
Equation 3.2-9
⃑⃑⃑⃑⃑
𝑀𝑧 = −𝐹0 𝑘⃑
2
This just means that the actual moment is in the opposite direction. Using the values mentioned in
chapter 2, the moment in the z direction can be calculated as -2500 lbf•in or -282Nm or All the force
and moments that we have found in this section have been shown in the Figure 3.2-2.
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Figure 3.2-2: Updated free body diagram with all the forces and moments

In this figure, we have cancelled all the forces and moments that are not relevant in the free body
diagram. As found earlier, there are only 1 force and 1 moment that acts on the spring at all times.
The force in the y direction creates a shear force as it acts parallel to the surface. The moment in the z
direction creates a torque and causes the wire in the spring to go into the torsion stress. The Table
3.2-0-1 below provides the parameters needed to calculate the this shear force and torque.
Table 3.2-0-1: Table to calculate the shear force and torque

Notation

Definition

D
F0

Coil diameter
Preload force

Metric
Units
value
0.127 m
4448.22 N

English
value

Units

5 In.
1000 lbs

Also in the table below, we have also provided the parameters needed to calculate the preload conditions of the spring.
Table 3.2-0-2: Table to calculate the pre-load conditions

Notation

Definition

Wmin

Preload force

Metric
Units
value
4448.22 N

English
Units
value
1000 lbs

Section 3.3: Stress Analysis and Static Safety Factor
In this section, we will calculate the various stresses that act on each component of the spring. We
will make certain assumptions that will help us simplify the problem and make the calculations less
involved. Nevertheless, the results will still remain close to the experimental values. This will be
compared towards the end of this section. In the previous section, we have specified the torques and
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shear forces acting on the spring. We will first explore the stresses through torque and then the shear
force stresses.
From theory we are aware that when a torque acts on a cylinder (spring), it causes it to twist and due
to this motion, certain torsion stresses act on the cylinder. This is vividly shown in the figure below.

Figure 3.3-1: Torsion acting on a cylinderiii

As it can be seen from the Figure 3.3-1, when a torque acts on a cylinder, a shear angle is created
depending on the length L. This twisting motion creates a torsional stress on the cylinder. The similar
situation applies to the spring also. The torque that we found in section 3.2 also creates a shear stress.
In solid mechanics, this shear stress is explained by a simple equationiv:
τxy = −

d⁄ M
rT
z
=− 2
Ip
Ip

Equation 3.3-2

The subscript of xy is being used for In the above equation 3.3-1, r is the radius of the wire, T is the
torque and Ip is the polar moment of inertia given by equation 3.3-2.v Please refer to chapter 2 for the
notation of the other parameters.
Ip =

πr 4 πd4
=
2
32

Equation 3.3-2

The above polar moment of inertia can be written in terms of area of a circle (πd2/4). This is can be
very useful since we are calculating stresses and normal stress is force over area. Doing this will
simplify calculations later.
Equation 3.3-2
Ad2
Ip =
8
When the definition of polar moment of inertia, equation 3.3-2 is plugged into equation 3.3-1, we find
an expression to find the shear stress due to torsion. This is added to the subscript. We can also plug
equation 3.2-9 in equation 3.3-1 to get:
τxy,torsion

d⁄ (−F D⁄ )
0
2
=− 2
Ad2
8
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The above complicated expression can be simplified as:
τxy,torsion = 2

D F0
d A

Equation 3.3-4

In chapter 2, we defined an expression C as the ratio of the diameter of the spring (D) to the diameter
of the wire (d). This can be plugged into equation 3.3-4 to simplify it even more.
τxy,torsion = 2C

F0
A

Equation 3.3-5

Plugging the corresponding value in the above equation 3.3-4, we get shear stress due to torsion as
406 MPa or 58.9ksi.

Figure 3.3-2: Torsion stress at different locations on the wire
From the figure (a) above, we can observe that the action of torque. The stress acts in the same
direction. The point to observe is that the z direction is coming out of the page. The torque should
then be going counter clockwise, however, since there is a negative sign in equation 3.3-3, we reverse
the sign and the torque is assumed to go clockwise. (b) and (c) figure show a three dimensional figure
of the stress situation. In (b), we have shown the stress tangent at every point as a value. At the
boundary, that value is the same as 58.9ksi. However, as we go inside the circle, the stress value gets
lower. This is due to the radius value in equation 3.3-1. The closer the distance from the centre, the
smaller the value of the stress would be. In the (c), the grey colour shows the stress and is conical.
This is not very clearly observable, however, this is the case. Therefore, to consider the worst case
scenario, it would be on the outside of the wire no matter what the position. All the points, A, B, C or
D are the worst case scenarios for only shear stress because of torsion.
Similarly, we can also calculate the shear stress that takes place due to shear force. This is given by
the following formula:vi
4 V 4 F0
Equation 3.3-6
τxy,shear force =
=
3A 3 A
As we had found earlier, the shear force is explained by F0 and that is replaced in the above equation.
The shear stress we find using all the specified constants is 32.5MPa or 4.71ksi.
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Figure 3.3-3: Shear Stresses on the wire

In the figure 3.3-3 above, the shear force from the y direction below is transferred into the shear
stresses shown in small green arrows. Of course, the shear stresses act throughout the cross-section,
however, they are maximum at the neutral axis, that is, the x axis, which is perpendicular to the
direction of the shear force. Therefore, the worst case scenario using on the shear stress using the
shear force will be anywhere along the x axis as shown in the figure 3.3-3. Using this shear force, we
can create a 2D stress element which looks like the one in figure 3.3-4. This is a section picked from
the central neutral axis, that is, the x axis.

Figure 3.3-4: 2D stress element due to the shear force acting only
Both the equations 3.3-5 and 3.3-6 are crucial to further our understanding about the stresses acting on
the helical coil compression spring.
Therefore, it is crucial at which point exactly we analyse and which is the worst case scenario.
Therefore, in order to find this out, we will combine the cross-section from figure 3.3-2 and 3.3-3.
When we create this superposition, we will be able to observe the points where the stresses are
maximum. The following figure 3.3-5 explains that:
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Figure 3.3-5: Stresses at different points

The figure 3.3-5 above holds a lot of information about the spring and the worst case scenarios (A-D).
All of these points are visible in figure 3.1-1 and are explained where they are.
Point A) This is the position when τxy,torsion and τxy,shear force are in the same direction. Therefore,
this is the point where both the shear forces will add.
Point B) At this point only τxy,torsion is coming into action, since τxy,shear force is 0 on the outer
regions.
Point C) At this point the τxy,torsion and τxy,shear force are facing opposite directions, therefore, the
total stress at this point will be the difference of the two.
Point D) Similar to point B, at this point, there is no τxy,shear force acting, which makes only
τxy,torsion to be in action.
After analysing all the above scenarios, we find that point A is the one to experience the maximum
shear stress. Point A is visible on This is further confirmed by the following FEM analysis.
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Figure 3.3-6: Finite Element Model of the compression spring
It can be seen from the above finite element model that the region of maximum stress is on the inside
of the spring. This is where point A is also located. This means that our theoretical value calculated
confirms that of the computational method also. We can total the two kind of shear stresses to find
that the total shear stress is:
Equation 3.3-7
τxy,total = τxy,torsion + τxy,shear force
τxy,total =

2CF0 4 F0
+
A
3A

Equation 3.3-8

By following this method, we can calculate the general method for finding the shear stress in a
compression spring with a single load acting on top. Therefore, the above equation 3.3-8 can be
further simplified to
4 F0
Equation 3.3-9
2CF0
2CF0
2
3
A
τxy,total =
(1 +
)=
(1 + )
A
2𝐶
A
3𝐶
We can plug the associated parameters in the above equation to find that the total shear stress due to
pre-load conditions is 438.9MPa or 63.7ksi. As we found earlier, there are no other forces acting,
therefore, the normal force is going to be 0. In carrying out this calculation, we made an assumption
that the wire that we are analysing is straight. However, that is not true, therefore, we will have to
specify in the equation 3.3-9 that we are not considering the curvature of the wire. Therefore, we
rewrite the equation as:
2CF0
2
Equation 3.3-10
τxy,total−curvature−ignored =
(1 + )
A
3𝐶
Now that we are aware of all the different scenarios and we have identified the worst case scenario,
we can observe what information we can get out of a 3D stress element. This has been drawn below.
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Figure 3.3-7: 3D Stress element at point A
As it can be seen from the 3D stress element, only two shear stresses act at point A, which both add
up to give us the maximum shear stresses. Since there are no normal forces, the normal stresses are
cancelled. Due to the moment acting in the z direction, the shear stresses generated in the xy place are
considered. At point A, the shear stress due to torsion is only pointing up and the horizontal
component is 0, we cancel the zx shear stress also. Finally, there is a force acting in the y direction
that created a shear stress in the xy plane as found. Therefore, this is the other none-zero term. Since
no forces act in the y direction, the shear stresses there are also 0. Out of a total of 9 terms, only two
terms have a magnitude and the rest are 0.
Now since we have calculated the shear stress where curvature is not taken into consideration, we can
also find with the helical curvature taken into account. Several sites on internet present various studies
but the one we are going to consider is:vii
τxy,torsionl−curvature =

2CF0 4C − 1
(
)
A 4C − 4

Equation 3.3-11

As it can be seen, previously without curvature the value was 1, but with the curvature into action, the
value reduces a little with an addition of a constant. This means that the shear stress due to torsion
decreases with an increase in curvature of the spring. Similarly, we can also find the shear stress due
to shear force when curvature comes into action.vii
2CF0 0.615
Equation 3.3-12
τxy,shear force−curvature =
(
)
A
C
Previously, the factor being used was 2/3, which is 0.667, while with curvature, the factor being used
is 0.615. This suggests that due to curvature of the wire, the shear stress due to the shear force also
decreases, similar to the torsion force. This means that when we combine both the terms of shear
stresses, the total with curvature should be less than without curvature. When we combine both the
curvature terms, we get:
2CF0 4C − 1 0.615
Equation 3.3-13
τxy,total curvature =
(
+
)
A 4C − 4
C
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Since for every spring, C is constant, the bracket terms always remain constant. This constant term is
called the Wahl curvature (Kw) and is displayed in equation 3.3-14 below :vii
Kw = (

4C − 1 0.615
+
)
4C − 4
C

Equation 3.3-14

This in fact is a very important term in fatigue and stress analysis since this term can be used to
calculate the shear stress for any load acting. For example, if a load of 2000lbs acts on the spring, we
can easily find that out using this Wahl curvature constant. Using the equation 3.3-13, we can find the
total shear stress with curvature as 477.98 MPa or 69.33 ksi.
Now, we are interested in finding the ratio of the different constants we have to multiply by to get
factor with which we need to apply to find the curvature shear stress every time.
2CF 4C − 1 0.615
4C − 1 0.615
( A 0 (4C − 4 + C ) ) (4C − 4 + C )
Constant =
=
2CF0
2
2
(1 + 3𝐶 )
A (1 + 3𝐶 )

Equation 3.3-15

This constant for our case is 1.09. This means that if we multiple our shear stress without curvature by
1.09, we can find the shear stress with curvature. This can also be represented as the percentage
increase, which is 8.90% of increase in shear stress when curvature is taken into account.
From the figure 3.3-4 and 3.3-7, we can add the shear stresses in the xy direction and use it to a carry
out a Mohr circle analysis. The shear stresses and normal stress are plotted in the figure 3.3-8 below.

Figure 3.3-8: Mohr's circle

Therefore, using the Mohr’s circle, we can calculate the principle stresses are shown in the figure 3.39.
The minimum normal stress is at point 2, which is 0.
σmin = 0 MPa

Equation 3.3-16

Similarly, the maximum normal stress is at point 3, which is double of the radius r, which is
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σmax = 877.8 MPa MPa

Equation 3.3-17

Finally, we can also calculate the maximum shear stress, which is given by the point 1 and is the
radius of the circle.
Equation 3.3-18
τxy = 438.9 MPa MPa
Since the radius hand is drawn at 90°, the actual stress angle is half of that, which is 45°. These are all
shown in the figure 3.3-9 below.

Figure 3.3-9: Principal stresses
All the above specified shear stresses have been plotted on the figure 3.3-9 above. This stress diagram
demonstrates the numerous stresses that act if the stress element in figure 3.3-4 was selected at a 45°
angle, instead of 0°. This also means that a maximum of 877.8 MPa stress would act in some
configurations of the spring. In this section so far, we have calculated the various shear stresses. They
have all been summarised in the table 3.3-1 below.

Table 3.3-1: Stress calculation parameters

Notation

Definition

D
d
H
P

Coil diameter
Wire diameter
Coil height
Coil pitch

Metric
value
0.13
0.02
0.38
0.06

1414

Units
m
m
m
m

English
value
5.00
0.60
15.00
2.50

Units
In.
In.
in
in
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C
F0
A
Mz
𝝉𝒕𝒐𝒓𝒔𝒊𝒐𝒏
𝝉𝒔𝒉𝒆𝒂𝒓 𝒔𝒕𝒓𝒆𝒔𝒔
𝝉𝒕𝒐𝒕𝒂𝒍 𝐰/𝟎 𝐜

𝝉𝒕𝒐𝒕𝒂𝒍 𝐜
K
Constant

Ratio of diameters: coil/wire
Preload force
Area of the wire
Moment
Shear stress due to torsion
Shear stress due to shear force
Total Shear stress without curvature
(4C-1)/(4C-4)
1.23/2C
Shear stress with curvature
Wahl curvature
Constant for ratio of curvature
Percentage difference

8.33
4,448.22
0.000182
-282.46
406.42
32.51
438.93
1.10
0.07
477.98
1.09
0.089
8.90

none
N
m^2
Nm
MPa
MPa
MPa
None
None
MPa
None
None
%

8.33
1,000.00
0.28
-2500.00
58.95
4.72
63.66
1.10
0.07
69.33
1.09
0.089
8.90

none
lbs
in^2
lbfin
ksi
ksi
ksi
None
None
ksi
None
None
%

Using the figure 3.3-7, we can also calculate the von-Mises effective stress given by the following
equation:
Equation 3.3-19
2
2
2 + 𝜏 2 + 𝜏 2 ))
(𝜎𝑧𝑧 − 𝜎𝑥𝑥 )2 + 6(𝜏𝑥𝑦
((𝜎
−
𝜎
)
+
(𝜎
−
𝜎
)
+
𝑥𝑥
𝑦𝑦
𝑦𝑦
𝑧𝑧
𝑦𝑧
𝑧𝑥
√
σv =
2
This can be easily found as most of the terms cancel out. After cancelling out, only two terms remains
and that is 𝜏𝑦𝑧 as seen in the equation 3.3-20 below.
Equation 3.3-20

2 + 𝜏2
(6(𝜏𝑦𝑧
𝑧𝑥 ))
σv = √
2

This is found to be 706.19 MPa or 102.42 ksi. Using the shear stress value we have found earlier in
the section, we can calculate the static safety factors, that is, under preload conditions, associated with
them. It is calculated using the formula:
σys
Equation 3.3-21
SFys =
σv
The static safety factors have been calculated below using the above 3.3-19 formula.
Table 3.3-2: Static safety factors

Notation

Definition

SFys
SFts

Safety factor from yield stress
Safety factor from tensile stress

Metric
value
2.04
2.27

Units
None
None

English
value
2.04
2.27

Units
None
None

The safety factors found are well far away from the actual yield stress and tensile stress. Double the
value. Therefore, we should not be concerned about pre-load conditions.

Section 3.4: Table of Data and Results
Table 3.4-1: Data from chapter 3

Notation

Definition

D

Coil diameter

Metric
value
0.13

1515

Units
m

English
value
5.00

Units
In.
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d
H
P
C
Wmin
F0
A
Mz
𝝉𝒕𝒐𝒓𝒔𝒊𝒐𝒏
𝝉𝒔𝒉𝒆𝒂𝒓 𝒔𝒕𝒓𝒆𝒔𝒔
𝝉𝒕𝒐𝒕𝒂𝒍 𝐰/𝟎 𝐜

𝝉𝒕𝒐𝒕𝒂𝒍 𝐜
K
Constant
SFys
SFts

Wire diameter
Coil height
Coil pitch
Ratio of diameters: coil/wire
Preload force
Preload force
Area of the wire
Moment
Shear stress due to torsion
Shear stress due to shear force
Total Shear stress without curvature
(4C-1)/(4C-4)
1.23/2C
Shear stress with curvature
Wahl curvature
Constant for ratio of curvature
Percentage difference
Safety factor from yield stress
Safety factor from tensile stress

0.02
0.38
0.06
8.33
4,448.22
4,448.22
0.000182
-282.46
406.42
32.51
438.93
1.10
0.07
477.98
1.09
0.089
8.90
2.04
2.27

m
m
m
none
N
N
m^2
Nm
MPa
MPa
MPa
None
None
MPa
None
None
%
None
None

0.60
15.00
2.50
8.33
1,000.00
1,000.00
0.28
-2500.00
58.95
4.72
63.66
1.10
0.07
69.33
1.09
0.089
8.90
2.04
2.27

In.
in
in
none
lbs
lbs
in^2
lbfin
ksi
ksi
ksi
None
None
ksi
None
None
%
None
None
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Section 3.6: Level of Effort
I spent about 20 hours working on this chapter. Thank you.
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