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Chapter 1: Project Definition, Goals, Vehicle and Component 
Section 1.1: Project Definition, Goals 
 
Springs are everywhere. It is an elastic object that stores mechanical energy and releases it when 

forces are not acting on it. Almost every material acts like a spring. When it is stretched, it stretches 

until yield stress and reaches a maximum ultimate stress. Similar to traditional materials, a wire can 

be coiled helically to form a spring. Every spring has a spring constant which relates the amount of 

force applied on the compression or expansion of the spring. This is explained through the Hooke’s 

law.i  

 

Springs can be of two types – expansion or compression. Expansion springs typically are very 

compact and when a force is applied on them, the spring expands or stretches outwards. On the 

opposite is the compression spring, when the force acts on it, the spring compresses. The compression 

springs have numerous applications, but one major area where this is applied is in suspensions in 

vehicles. These springs absorb energy and mitigate shocks. In doing this, the spring has to deflect by a 

considerable amount.ii Energy is just transferred from kinetic to elastic potential energy of the spring. 

These springs help in reducing the shocks when the user in a car is going through an uneven surface – 

an application absolutely necessary in today’s cars.  

 

The one particular we are interested in is a helical coil compression springs. These are present in 

almost every car available on market today. They have become a necessity is every car, especially in 

some developing countries where there are uneven roads. These springs also compress when a car 

takes a turn. A car goes through numerous of these in its lifetime and a comprehensive study in terms 

of fatigue analysis is required to predict the life of these springs. Through some assumptions, 

mentioned in the later chapters, we will be able to provide a method for conducting this fatigue 

analysis for any helical coil compression spring in any car.  

 

There is a lot of value in conducting this study. Using this book, a mechanic or engineer or even a 

layman should be able to follow the steps to predict the life of a helical coil compression spring. This 

is the anticipation of the author. Using this study, a user can know how frequently should they change 

the spring for proper safety of the passengers. The instructions in this book can also be used by the 

designers to find the most appropriate parameters to design the spring, while at the same time 

considering the economic factors also. In order to do this, a satisfactory life along with size are 

important factors to consider. The fatigue analysis presented in the book will facilitate that to the user.  

 

Section 1.2: Vehicle Information 
 
In order to test this helical coil spring, we need a dummy car where we can gain the information for 

different parameters. For convenience, we will choose the car that is readily available to the author. 

However, the method described is applicable for any available car. As suggested in the title, the car 

we will be analyzing is a Toyota RAV4 XLE 2015, shown in the Figure 0-1Figure 0-1 below.  

 

Toyota RAV4 2015 is a 5 seater SUV having a unique sporty look and is black in colour (Figure 1.2-1). 
It has a superb mileage of 38.6 kilometres per gallon and has an automatic shift. Its curb weight is 
3445 lbs or 1563kg as given in the Toyota website.iii The full capacity weight with passenger is not 
available, therefore, we will have to approximate it and use that for the rest of the book. The average 
weight of a person is 137 lbsiv and the average baggage that a person carries is 48 lbs.v Using these 
assumptions that there are 5 people in the car at all times, we can calculate the total weight of the car 
using the Equation 0-1.  
 W_full =  3445lbs +  137 ∗ 5lbs +  48 ∗ 5lbs =  4370lbs Equation 0-1 
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Figure 0-1: Side view of Toyota RAV4 XLE 2015 

 

Therefore, the full capacity weight (Wfull) of the car is 4370 lbm (pounds mass) or 1982 kg. This is 

under the assumption that the car consists of 5 people sitting with their 48 pound baggage along with 

them.  

 

Majority of the weight of the car is resting on these springs. However, some weight is not being 

cushioned/suspension the spring. The weight that is not being supported by these suspension springs 

is known as the unsprung weight (Wunsprung). This weight includes the following categoriesvi:–  

a. Brake rotors or drums + shoes, wheel cylinders, backing plates, calipers, pads, caliper brackets, 

flex hoses, return springs, wheel bearings, etc.  

b. Wheels, tires, tubes & valves  

c. Steering knuckles  

d. Rear axle housing, ring & pinion, differential, axles, etc.  

e. Pinion snubber  

f. Sway bar linkage (but not the arms or center beam)  

 

All of the above categories have been labelled in the unsprung Figure 0-2Figure 0-2 below. Basically, 

as it is visible form the figure below, the unsprung weight consists of objects that are below the 

spring.  

 
Figure 0-2: Unsprung weights in a car - labelled 
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The goal of the designers is to reduce the amount of unsprung weight as much as possible to increase 

the traction of the tyres. Lower unsprings weight is also beneficial for longevity of the cars. However, 

decreasing this weight is not easy since every part is essential in the safety mechanism of the car.vii  

 

After a thorough literature search, we were not able to find the unsprung weight of the Toyota RAV4 

XLE 2015. The unsprung components weight is generally between 13 and 15% of the Wcurb. For best 

practise, we are going to assume that it is 15%. This calculation has been found in the Equation 0-2.  

 

 Wunsprung = 15% of Wcurb =
15

100
× 3445lbm = 517lbm Equation 0-2 

 

Therefore, the unsprung weight of Toyota RAV4 XLE 2015 is 517lbm or 235kg. in order to carry out 

further calculations, it is important that we find the other dimensions of the car as well. Its height is 
65.4 in, length is 179.9 in and width is 72.6 in without the side-view mirrors.viii The exact weight 
distribution is not known; however, it is mentioned that they have built the car with quite low centre 
of gravity for extra stability.ix For the ease of our calculation, we will assume the centre of gravity is 
at half distance of all the dimensions of the car. Therefore, the centre of gravity of the car is at: 

 Height = 32.7 in 

 Length = 90.0 in 

 Width  = 36.3 in 

 

As mentioned earlier, springs are present in almost every cars these days. And not just one spring but 

in total, 4 suspension springs are installed in all the cars, shown in the                                                      

Figure 0-3.  

 
                                                     Figure 0-3: Four Springs in the chassis design 

The mechanical component we are analysing is in all four corners of the chassis as shown above. The 

spring, as shown in Figure 0-2 and Figure 0-3, is placed right next to the wheel on the inside of the car. 

This is exactly the case in RAV4 also, where there are suspensions on all four wheel of the car. This 

has been shown in the Figure 0-4 below.  
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Figure 0-4: Helical Coil Compression Spring behind the wheel, a – close up and b – distant 

view 

As it will be mentioned, there are a total of 6 turns of the spring, however, only three are visible in the 

Figure 0-4 above. The fourth coil is barely visible. The rest are covered. This picture is taken of the 

front right wheel of the car. There are suspensions on each tyres, but the springs are only visible in the 

front tyres. At the back they are covered for unknown reasons.  

 

Section 1.3: Mechanical Component 
As it has been mentioned earlier, the mechanical component we are interested in analysing is a helical 

coil compression spring. This is the most readily available product in market. The Figure 0-5 below 

provides a picture of a similar spring used in the car.  

 
Figure 0-5: Helical Coil Compression Spring 

For safety purposes, we are not extracting the actual spring from the car to analyse. The instructor 

for this book requires us to use a generic spring. Therefore, the Figure 0-5 is a spring provided by 

the instructor.  We are making an assumption that the spring is coming from  RAV4 as shown in the 

Figure 0-6.  
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Figure 0-6: Helical Coil Compression Spring behind the wheel, a – close up and b – distant view 
 

In order to carry out a fatigue analysis in the later chapters, we must find out the various parameters of 

the spring and the car and these will be found in the following chapter 2.  

 

The spring plays a crucial role in the safety of the car. The mechanism of suspension is based on 

damping. Out of different types of damping, critical damping takes place in a car suspension system, 

shown in the Figure 0-7 below.x   

 
Figure 0-7: Different types of damping systems 

When the weight of the car pushes the spring down, the elastic energy of the spring pushes the weight 

up and decreases the amount of displacement that would have happened if the spring was not present. 

The springs used in the suspension system are especially good at doing that since they stop the 

vibrations in just one oscillation.xi This is only possible if the spring constant of the spring is really 

high, and that is the design constraint that the suspension spring manufacturers have to keep in mind. 

Along with this, we will find that the dimensions, materials and the environmental conditions also 

play a strong role in the manufacturing of the suspension springs. This will be discussed in chapter 2 

and the following.  

 

 

Section 1.4: Table of Data 
Table 0-1: Chapter 1 table of Data 

Parameter Description English Units Metric Units 
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  Value Units Value  Units 

𝐖𝐜𝐮𝐫𝐛 Curb Weight 3445 lbm 1563 kg 

𝐖_𝐟𝐮𝐥𝐥 Full Capacity Weight 4370 lbm  1982 kg  

𝐖𝐮𝐧𝐬𝐩𝐫𝐮𝐧𝐠 Unspring Weight 517 lbm  235 kg  

Height Height of the car 65.4 in  1.66 m  

Length Length of the car 179.9 in  4.57 m  

Width Width of the car 72.6 in  1.84 m  

COG-H Centre of Gravity Height 32.7 in  0.82 m  

COG-L Centre of Gravity of Length 90.0 in  2.29 m  

COG-W Centre of Gravity Width 36.3 in  0.92 m  

N Number of coils 6 None 6  None 

 

Section 1.5: Level of Effort 
 

I wanted to get all the formatting right from the very first chapter. That is why I spent a lot of time 

researching a lot of Word formatting techniques. I would have spent about 15 hours working on this 

chapter.  
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Chapter 2: Dimensions, Materials, and Environmental Conditions 
In this chapter, we are concerned with finding the different dimensions of the helical coil compression 

spring, considering the various material properties also.  

 

Section 2.1: Geometry and Dimensions 
 
As mentioned in the title, the mechanical component we are interested in this book is the helical coil 

compression spring. This is a relatively simple mechanical component and is similar to the springs we 

see in day to day life. However, it has a much higher spring constant, which allows it to take the 

weight of the whole car, that is, thousands of pounds of weight. Finding out the basic parameters are 

crucial to our understanding of the spring and further carrying out the fatigue analysis carried out later 

in the book.  

 

These springs have to be standardised for safety issues. For example, the wire diameter, the spring 
constant, or the diameter of the complete spring has to be standardised to a certain extent. This is 
also so that when the consumers purchase the product, they can be more confident in the product 
they are buying. For this customer satisfaction, American Society of Testing and Materials (ASTM) 
have developed a set of instructions that if the material is going to be ASTM tested, then it must 
have some exact properties. This ensures that the customers can purchase standardised and 
trustworthy products, which in our case is helical coil compression spring.  
 
The picture below shows a picture of the helical coil compression spring placed on a white mat that 
we are analysing.  
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Figure 2.1-1: Helical Coil Compression Spring 

Since the spring has a very simple structure, we only need to measure very few parameters. The very 
first parameter of concern is the number of complete turns the wire goes through the whole spring. 
Looking at the Figure 2.1-1, we can count it to be 6. We have to be sure that we are counting a 
complete circle, and not just the half of the spring at the ends.  
 
As mentioned in section 1.1 that the springs follow the Hooke’s law. Therefore, we are concerned 
with the unstretched length (H) or the height of the spring. We have built a Figure 2.1-2 to come up 
with a replica of the exact spring with exact dimensions. This model is developed on AutoCAD Fusion 
360.xii For the spring measurements, we can use a ruler or a tape. Please refer to Figure 2.1-2-a to 
measure these. We measure it from the centre of the wire from the top to the centre of the wire at 
the bottom. This value is 381 mm or 0.381m in metric units, which is 15 inches in English units. 
When forces act on the spring, numerous moments act on it. Therefore, in order to carry out these 
calculations later, we must know the diameter of the wire and of the spring. The diameter of the 
spring is measured from the centre of the outside wire to the centre of the opposite sides. This 
measurement is shown in the Figure 2.1-2-b. The diameter of the spring (D) is 127mm or 0.127m, 
which is 5 inches. The blue guided axis lines help in making these measurements. Similarly, the wire 
diameter is measured and to be 15.84 mm or 0.01584mm, which is 0.6 inches. Once again, these 
have been measured using these guided blue lines.  



 

 9 

COMPREHENSIVE FATIGUE ANALYSIS OF A HELICAL COIL COMPRESION SPRING FROM TOYOTA 

RAV4 XLE 2015 

Chapter 2: Dimensions, Materials, and Environmental Conditions 

9 

 
a.                                                                                 b.  

Figure 2.1-2: Side and Top of view of the spring 

We counted that there are six total coils in the spring. Finding the pitch of the spring is hard because 
we do not know exactly the where the spring revolves into just once. Also, realistically, the pitch is 
not constant between all revolutions. We must make an approximation. Therefore, we will 
approximate that to be the total length divided by 6 to find the average value of the pitch using 

Equation 2.3. 
  

 P =
H

6
=

0.381m

6
= 0.0635m = 2.5 in  Equation 2.3 

 
Therefore, we have found that the pitch (P) of the spring is 0.635m or 2.5 in, from the above 
calculation. Another important that constant that we need to find to carry out the analysis is the 
ratio of the spring diameter to the coil diameter. This constant helps in quantifying the real thickness 
of the spring.  
 

 C =
D

d
=

0.0127mm

0.001524mm
=

25

3
  Equation 2.4 

 
Finally, the most important factor we require is the spring constant (k). This has been provided in the 

project requirement to be 43781.71 
N

m
 or 250 

lbs

in
.xiii We have provided numerous parameters, 

therefore, we will summarise them all in the following Table 2.1-1.  
 

Table 2.1-1: Geometric dimensions of helical coil compression spring 

Notation Parameter Value Metric Units Value English Units 

N Number of turns 6 None 6 None 

D Coil diameter 0.127 m 5 In. 

D Wire diameter 0.01524 m 0.6 In. 
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H Coil height 0.381 m 15.0 in 

P Coil pitch 0.0635 m 2.5 in 

C Ratio of diameters: coil/wire 25/3 none 25/3 none 

K Spring constant 43781.71 N/m 250 Lbs./in. 

 

Section 2.2: Materials 
 
The project description makes it compulsory to use the above specified string. In the instructions, it 

has been mentioned that it is a chromium silicon steel with ASTM A-401 strength mechanical 

properties.xiii This specification allows us to extract numerous properties from the specified standard. 

This is the standard section 2.1 was talking about which is able to generalize numerous large 

properties and bring them together through the standards created by ASTM – not just in terms of 

measurement techniques, but also in terms of bring the properties of different materials together.   

 

ASTM mentions that chromium-silicon alloy steel spring wire is by far the best one to use in terms of 

managing fatigue stresses and working in elevated temperatures.xiv The chemical composition of 

chromium silicon steel is given in the Table 2.2-1 below: 

Table 2.2-1: Chemical composition of Chromium-silicon steel 

Property Ranges and Limits 

Carbon, C 0.51 – 0.59% 

Manganese, Mn 0.60 – 0.80% 

Phosphorus, max, P 0.035% 

Sulphur, max 0.040% 

Silicon, Si 1.20 – 1.60% 

Chromium, Cr 0.60 – 0.80%  

Iron, Fe 98.51 – 98.48% 
 

For most cars, the normal operating engineer temperature is in a range of 195 to 220°F or 90 to 

104°C.xv These temperatures might seem to be very high but they are only small fractions in 

comparison to the melting points of the above listed compositions. Also, the hottest temperature on 

earth is to a max of 64°C, therefore, we will assume that the car is in the range of operation of the 

Chromium-silicon steel spring.xvi  Besides these, the spring is also exposed to a lot of dust that lifts 

from the roads and forms a layer on top of the spring. The dust may include particles ranging from 

soil to salt particles, or water, or corrosives. It is expected out of the spring to be able to withstand 

such environments. Similarly, since it is not dissolvable in water, it can withstand very high humidity 
near the equator also. Toyota cars are sold in extreme weathers like Libya and Niger, and also in 
Russia and Greenland. Similarly, Toyota cars are also sold in sea-side cities and also in extreme 
humidity.xvii There was no information available for potential galvanic cell conditions for the lug stud. 

 

Section 2.3: Material Properties 
 
As mentioned above, the helical coil compression spring is made of is Chromium-Silicon alloy steel. 

In this section, we will cover the various properties for the helical coil compression spring. The 

following list presents the various definition of the parameters we are going to define.  

 

1. Su = Ultimate Tensile Stress – This is the maximum axial stress a material can take when it is 

elongated without breaking.xviii In the stress-strain curve, this is the stress at the maximum point.  

2. Sus = Ultimate Shear Stress – This is the maximum shear stress a material can take when it is 

elongated without breaking. In the shear stress-strain curve, this is the shear stress at the 

maximum point.  
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3. Sy = Tensile Yield Stress – This is the material property defined as the axial stress at which a 

material begins to deform plastically.xix In the stress-strain curve, this is the stress when the 

linear relationship at the beginning stops.  

4. Sys = Shear Yield Stress - is the material property defined as the shear stress at which a material 

begins to deform plastically. In the shear stress-strain curve, this is the shear stress when the 

linear relationship at the beginning stops.  

5. E = Modulus of elasticity – This is a number that measures an object or substance's resistance 

to being deformed elastically (i.e., non-permanently) when a stress is applied to it.xx In the 

stress-strain curve, this is the slope of the linear relationship curve at the beginning.  

6. G = Shear Modulus – This is defined as the ratio of shear stress to the shear strain.xxi  

7. v = Poisson Ratio – This is the signed ratio of transverse strain to axial strain.xxii When an object 

strains on one side but compresses on the other side, the poisson ratio describes the change in 

length in different directions.  

8. C = Reduction of Area – When fasteners undergo mechanical testing, they are pulled to failure 

and the diameter of the point at which the fastener breaks is measured and compared to the 

original diameter.xxiii This ratio represented in terms of percentage is C.  

9. B = Bulk Modulus – This determines how much an object will compress under a given amount 

of external pressure. The ratio of the change in pressure to the fractional volume compression 

is called the bulk modulus of the material.xxiv 

10. ρ = Density – The volumetric mass density, of a substance is its mass per unit volume.xxv 

11. Tmax = Maximum temperature – Maximum operational temperature of the material identified.  

12. α = Thermal Conductivity – The degree to which a specified material conducts electricity, 

calculated as the ratio of the current density in the material to the electric field that causes the 

flow of current. It is the reciprocal of the resistivity.xxvi 

 

All the above twelve parameters are extremely crucial to our understanding of the chromium-silicon 

steel, and therefore, in turn of understanding the helical coil compression spring. Using the above-

mentioned parameters, we can decipher the fatigue properties of the string and following that, carry 

out a fatigue model using numerous available literature models.  

 

Table 2.3-1: Material properties of the helical coil compression spring 

Serial Number Parameter Value Metric Units Value English Units 

1 Ultimate Tensile Stress (Su) 1600 MPa 232.06 ksi 

2 Ultimate Shear Stress (Sus) 1280 MPa 185.65 Ksi 

3 Tensile Yield Stress (Sy) 1440 MPa 208.85 ksi 

4 Shear Yield Stress (Sys) 831 MPa 120.58 ksi 

5 Modulus of Elasticity (E) 200 GPa 29,007.55 ksi 

6 Shear Modulus (G) 80 GPa 11,603.02 ksi 

7 Poisson Ratio (v) 0.29 None 0.29 None 

8 Reduction of Area (C) 30 % 30 % 

9 Bulk Modulus (B) 200 GPa 29000 Ksi 

10 Density (ρ) 7860 Kg/m3 0.284 Lb/in3 

11 Maximum temperature (Tmax) 245 °C 475 °F 

12 Thermal Conductivity (α)  52.0 W/m-K 361 BTU-in/hr-

ft²-°F  

 

Using the above values, we conclude that the spring is safe to use in very humid conditions, since the 

density (10) is much higher than water, and the dissolvability is low. Similarly, the maximum 

operating temperature (11) is 245°C, which is much higher than the highest temperature on the earth. 

The Chromium-Steel alloy is very robust in terms of reacting to various acids and water.xxvii  
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Section 2.4: Table of Data 
 

Table 2.4-1: Dimensions and the mechanical properties of the spring 

Notation Parameter Value Metric Units Value English Units 

N Number of turns 6 None 6 None 

D Coil diameter 0.127 m 5 In. 

D Wire diameter 0.01524 m 0.6 In. 

H Coil height 0.381 m 15.0 in 

P Coil pitch 0.0635 m 2.5 in 

C Ratio of diameters: coil/wire 25/3 none 25/3 none 

K Spring constant 43781.71 N/m 250 Lbs./in. 

(Su) Ultimate Tensile Stress  1600 MPa 232.06 ksi 

(Sus) Ultimate Shear Stress  1280 MPa 185.65 Ksi 

(Sy) Tensile Yield Stress  1440 MPa 208.85 ksi 

(Sys) Shear Yield Stress  831 MPa 120.58 ksi 

(E) Modulus of Elasticity 200 GPa 29,007.55 ksi 

(G) Shear Modulus  80 GPa 11,603.02 ksi 

(v) Poisson Ratio  0.29 None 0.29 None 

(C) Reduction of Area  30 % 30 % 

(B) Bulk Modulus 200 GPa 29000 Ksi 

(ρ) Density  7860 Kg/m3 0.284 Lb/in3 

(Tmax) Maximum temperature  245 °C 475 °F 

(α) Thermal Conductivity   52.0 W/m-K 361 BTU-in/hr-

ft²-°F  
 

Table 2.4-2: Chemical Composition of the Chromium-Silicon steel 

Property Ranges and Limits 

Carbon, C 0.51 – 0.59% 

Manganese, Mn 0.60 – 0.80% 

Phosphorus, max, P 0.035% 

Sulphur, max 0.040% 

Silicon, Si 1.20 – 1.60% 

Chromium, Cr 0.60 – 0.80%  

Iron, Fe 98.51 – 98.48% 
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Section 2.6: Level of Effort 
 

To put this report together, I spent around 15 hours working on this chapter 2.  
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Chapter 3: Pre-Load Conditions on Mechanical Component with 

FBDs, Statics and Stress Analysis 
Even when the car is standing still, immense amount of forces, moments and torques are constantly 

acting due to the weight of the car. These generate various pre-load stresses on the spring. It is 

important to note that all of these forces are acting even before any passenger is sitting in the car and 

when the car is stationary. Therefore, the spring is likely to fatigue even if the car is just stationary. 

This is why it is important to calculate the pre-load conditions of the spring before we begin the 

fatigue analysis, which is what this chapter will brief about. In learning about the pre-load conditions, 

an additional information on the theory of shear forces as well.  

 

Section 3.1: Pre-Load Static Force Conditions 
As mentioned in the previous chapters, the mechanical component that we are analysing is the a 

helical coil compression spring. This is a relatively simple mechanical component and is similar to the 

springs we see in day to day life. However, it has a much higher spring constant, which allows it to 

take the weight of the whole car, that is, thousands of pounds of weight. It is a compressive spring 

which means that it is designed to be compressed when forces act on it.  

 

It has been confirmed from the project requirement that the preload force must be 1000lbs.xxviii This 

can be seen in figure 1. It is always good to mention the different parameters in vector notations. This 

pre-load force is acting from the top in the negative y direction. Therefore, Wmin is given by  Equation 

3.1-5.  
 

 Wmin
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  = 0î − Wminj + 0k⃑   Equation 3.1-5 

 

Since this is the only force acting on the spring, this is the force that is responsible for all the forces 

and moments. This can be seen from the free body diagram of the spring below.  

 
Figure 3.1-1: Free body diagram of the spring 
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This figure will be more useful in the following section 3.2.  

 

Section 3.2: Pre-Torque and Shear Force Conditions 
In the Figure 3.1-1, on the left we show the spring and the point in red that we are going to analyse. 

We observe that there is only one force acting on the spring, displayed by Wmin. To analyse the spring, 

we choose one point red on the spring which is right in the middle of the spring. There is no 

preference in choosing this point other than it is in the middle of the analysis. If the user prefers to 

select some other point, the analysis that will be carried out will be relatively easy to transfer to any 

other point. Also, the method would be quite similar. Therefore, a vertical cut in the x-y plane is 

carried out.  

 

This cut is made and is shown on the right side of Figure 3.1-1. Additionally, a vector (𝑟  ) is drawn 

from the point of cut made to the place where the force is applied. Various distances also have been 

defined that will help in future calculations. From the Figure 3.2-1, it can be seen, there are in total 3 

forces and 3 moments that act on the each small component of the spring. Our goal in this section is to 

find all of those forces and moments to move further in our analysis.  

 
Figure 3.2-1: Free body diagram of the cut section 

Similar to before, let us carry out the sum of forces in the x and y direction to observe the forces 

acting on the position identified. Since there are no forces acting in the x or z direction, we come to a 

conclusion that 

 𝐹𝑥⃑⃑  ⃑ = 0; 𝐹𝑧⃑⃑  ⃑ = 0  Equation 3.2-1 

 

Since there is a force acting in the y-direction, we do have to carry out a sum of the forces in the y 

direction.  

 
∑𝐹𝑦⃑⃑  ⃑ = 0 

 
 Equation 3.2-2 

 −𝑊𝑚𝑖𝑛
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  + 𝐹𝑦 = 0 

 

 Equation 3.2-3 

 𝐹𝑦 = 𝑊𝑚𝑖𝑛
⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑ ⃑⃑  = 0𝑖̂ − 𝑊𝑚𝑖𝑛𝑗 + 0�⃑� = 𝑊𝑚𝑖𝑛𝑗   Equation 3.2-4 
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Therefore, we find that there is only force acting on the individual spring component and the 

magnitude of it is equal to the pre-load force condition, that is, 1000lbf or 4448N. It turns out that this 

is a shear force and will cause shear stress. Similarly, we can also calculate the different associated 

moments. The moments equation can be written below:  
 

 
∑�⃑⃑� = 0⃑  

 
 Equation 3.2-5 

 𝑀𝑥
⃑⃑ ⃑⃑  ⃑ + 𝑀𝑦

⃑⃑ ⃑⃑  ⃑ + 𝑀𝑧
⃑⃑ ⃑⃑  ⃑ + 𝑟 × 𝐹𝑦⃑⃑  ⃑ = 0⃑   Equation 3.2-6 

 

In order to proceed, we have to calculate the cross product. To learn how to calculate the cross 

product, please proceed here.xxix The matrix has been suggested below in equation 3.2-7.  
 

 𝑟 × 𝐹𝑦⃑⃑  ⃑ = [

𝑖 𝑗 𝑘

−
𝐷

2
𝐿 0

0 −𝑊𝑚𝑖𝑛 0

] = 𝑊𝑚𝑖𝑛

𝐷

2
�⃑�    Equation 3.2-7 

 

For the ease of calculation, we will replace Wmin with F0. Placing the value of cross product in 

equation 3.2-6 we get:  

 
𝑀𝑥
⃑⃑ ⃑⃑  ⃑ + 𝑀𝑦

⃑⃑ ⃑⃑  ⃑ + 𝑀𝑧
⃑⃑ ⃑⃑  ⃑ = −𝐹0

𝐷

2
�⃑�   

 Equation 3.2-8 

 

On the right hand side of the equation, there is no component in the x or y direction, therefore, we 

come to a conclusion that the moment in the x and y direction are 0. Therefore, the moment in the y 

direction is given as:  

 
𝑀𝑧
⃑⃑ ⃑⃑  ⃑ = −𝐹0

𝐷

2
�⃑�   

 Equation 3.2-9 

 

This just means that the actual moment is in the opposite direction. Using the values mentioned in 

chapter 2, the moment in the z direction can be calculated as -2500 lbf•in or -282Nm or All the force 

and moments that we have found in this section have been shown in the Figure 3.2-2.  
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Figure 3.2-2: Updated free body diagram with all the forces and moments 

 

 

In this figure, we have cancelled all the forces and moments that are not relevant in the free body 

diagram. As found earlier, there are only 1 force and 1 moment that acts on the spring at all times. 

The force in the y direction creates a shear force as it acts parallel to the surface. The moment in the z 

direction creates a torque and causes the wire in the spring to go into the torsion stress. The Table 

3.2-0-1 below provides the parameters needed to calculate the this shear force and torque.  
 

Table 3.2-0-1: Table to calculate the shear force and torque 

Notation Definition Metric 
value 

Units English 
value 

Units 

D Coil diameter 0.127 m 5 In. 

F0 Preload force 4448.22 N 1000 lbs  

 

Also in the table below, we have also provided the parameters needed to calculate the pre-

load conditions of the spring.  
Table 3.2-0-2: Table to calculate the pre-load conditions 

Notation Definition Metric 
value 

Units English 
value 

Units 

Wmin Preload force 4448.22 N 1000 lbs  

 
 

Section 3.3: Stress Analysis and Static Safety Factor 
In this section, we will calculate the various stresses that act on each component of the spring. We 

will make certain assumptions that will help us simplify the problem and make the calculations less 

involved. Nevertheless, the results will still remain close to the experimental values. This will be 

compared towards the end of this section. In the previous section, we have specified the torques and 
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shear forces acting on the spring. We will first explore the stresses through torque and then the shear 

force stresses.  

 

From theory we are aware that when a torque acts on a cylinder (spring), it causes it to twist and due 

to this motion, certain torsion stresses act on the cylinder. This is vividly shown in the figure below. 

 
Figure 3.3-1: Torsion acting on a cylinderxxx 

  

As it can be seen from the Figure 3.3-1, when a torque acts on a cylinder, a shear angle is created 

depending on the length L. This twisting motion creates a torsional stress on the cylinder. The similar 

situation applies to the spring also. The torque that we found in section 3.2 also creates a shear stress. 

In solid mechanics, this shear stress is explained by a simple equationxxxi:  

 

 
τxy = −

rT

Ip
= −

d
2⁄ Mz

Ip
 

 Equation 3.3-6 

 

The subscript of xy is being used for In the above equation 3.3-1, r is the radius of the wire, T is the 

torque and Ip is the polar moment of inertia given by equation 3.3-2.xxxii Please refer to chapter 2 for 

the notation of the other parameters.  

 

 
Ip =

πr4

2
=

πd4

32
 

 Equation 3.3-2 

 

The above polar moment of inertia can be written in terms of area of a circle (πd2/4). This is can be 

very useful since we are calculating stresses and normal stress is force over area. Doing this will 

simplify calculations later.  

 
Ip =

Ad2

8
 

 Equation 3.3-2 

 

When the definition of polar moment of inertia, equation 3.3-2 is plugged into equation 3.3-1, we find 

an expression to find the shear stress due to torsion. This is added to the subscript. We can also plug 

equation 3.2-9 in equation 3.3-1 to get: 

 

 
τxy,torsion = −

d
2⁄ (−F0

D
2⁄ )

Ad2

8

 
 Equation 3.3-3 
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The above complicated expression can be simplified as: 

 

 
τxy,torsion = 2

D

d

F0

A
    

 Equation 3.3-4 

 

In chapter 2, we defined an expression C as the ratio of the diameter of the spring (D) to the diameter 

of the wire (d). This can be plugged into equation 3.3-4 to simplify it even more.  

 

 
τxy,torsion = 2C

F0

A
    

 Equation 3.3-5 

 

Plugging the corresponding value in the above equation 3.3-4, we get shear stress due to torsion as 

406 MPa or 58.9ksi.  

 
Figure 3.3-2: Torsion stress at different locations on the wire 

From the figure (a) above, we can observe that the action of torque. The stress acts in the same 

direction. The point to observe is that the z direction is coming out of the page. The torque should 

then be going counter clockwise, however, since there is a negative sign in equation 3.3-3, we reverse 

the sign and the torque is assumed to go clockwise. (b) and (c) figure show a three dimensional figure 

of the stress situation. In (b), we have shown the stress tangent at every point as a value. At the 

boundary, that value is the same as 58.9ksi. However, as we go inside the circle, the stress value gets 

lower. This is due to the radius value in equation 3.3-1. The closer the distance from the centre, the 

smaller the value of the stress would be. In the (c), the grey colour shows the stress and is conical. 

This is not very clearly observable, however, this is the case. Therefore, to consider the worst case 

scenario, it would be on the outside of the wire no matter what the position. All the points, A, B, C or 

D are the worst case scenarios for only shear stress because of torsion.  

 

Similarly, we can also calculate the shear stress that takes place due to shear force. This is given by 

the following formula:xxxiii 

 
τxy,shear force =

4

3

V

A
=

4

3

F0

A
   

 Equation 3.3-6 

 

As we had found earlier, the shear force is explained by F0 and that is replaced in the above equation. 

The shear stress we find using all the specified constants is 32.5MPa or 4.71ksi.  
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Figure 3.3-3: Shear Stresses on the wire 

 

 

In the figure 3.3-3 above, the shear force from the y direction below is transferred into the shear 

stresses shown in small green arrows. Of course, the shear stresses act throughout the cross-section, 

however, they are maximum at the neutral axis, that is, the x axis, which is perpendicular to the 

direction of the shear force. Therefore, the worst case scenario using on the shear stress using the 

shear force will be anywhere along the x axis as shown in the figure 3.3-3. Using this shear force, we 

can create a 2D stress element which looks like the one in figure 3.3-4. This is a section picked from 

the central neutral axis, that is, the x axis.  

 
Figure 3.3-4: 2D stress element due to the shear force acting only 

Both the equations 3.3-5 and 3.3-6 are crucial to further our understanding about the stresses acting on 

the helical coil compression spring.  

 

Therefore, it is crucial at which point exactly we analyse and which is the worst case scenario. 

Therefore, in order to find this out, we will combine the cross-section from figure 3.3-2 and 3.3-3. 

When we create this superposition, we will be able to observe the points where the stresses are 

maximum. The following figure 3.3-5 explains that:  
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Figure 3.3-5: Stresses at different points 

 

The figure 3.3-5 above holds a lot of information about the spring and the worst case scenarios (A-D). 

All of these points are visible in figure 3.1-1 and are explained where they are.  

 

Point A) This is the position when τxy,torsion and τxy,shear force are in the same direction. Therefore, 

this is the point where both the shear forces will add.  

Point B) At this point only τxy,torsion is coming into action, since τxy,shear force is 0 on the outer 

regions.  

Point C) At this point the τxy,torsion and τxy,shear force are facing opposite directions, therefore, the 

total stress at this point will be the difference of the two.  

Point D) Similar to point B, at this point, there is no  τxy,shear force acting, which makes only 

τxy,torsion  to be in action.  

 

After analysing all the above scenarios, we find that point A is the one to experience the maximum 

shear stress. Point A is visible on This is further confirmed by the following FEM analysis.  
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Figure 3.3-6: Finite Element Model of the compression spring 

It can be seen from the above finite element model that the region of maximum stress is on the inside 

of the spring. This is where point A is also located. This means that our theoretical value calculated 

confirms that of the computational method also. We can total the two kind of shear stresses to find 

that the total shear stress is: 

 τxy,total = τxy,torsion + τxy,shear force     Equation 3.3-7 

 
τxy,total =

2CF0

A
+

4

3

F0

A
    

 Equation 3.3-8 

 

By following this method, we can calculate the general method for finding the shear stress in a 

compression spring with a single load acting on top. Therefore, the above equation 3.3-8 can be 

further simplified to 

 

τxy,total =
2CF0

A
(1 +

4
3
F0
A

2𝐶
) =

2CF0

A
(1 +

2

3𝐶
)    

 Equation 3.3-9 

 

We can plug the associated parameters in the above equation to find that the total shear stress due to 

pre-load conditions is 438.9MPa or 63.7ksi. As we found earlier, there are no other forces acting, 

therefore, the normal force is going to be 0. In carrying out this calculation, we made an assumption 

that the wire that we are analysing is straight. However, that is not true, therefore, we will have to 

specify in the equation 3.3-9 that we are not considering the curvature of the wire. Therefore, we 

rewrite the equation as: 

 
τxy,total−curvature−ignored =

2CF0

A
(1 +

2

3𝐶
)    

 Equation 3.3-10 

 

Now that we are aware of all the different scenarios and we have identified the worst case scenario, 

we can observe what information we can get out of a 3D stress element. This has been drawn below.  
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Figure 3.3-7: 3D Stress element at point A 

As it can be seen from the 3D stress element, only two shear stresses act at point A, which both add 

up to give us the maximum shear stresses. Since there are no normal forces, the normal stresses are 

cancelled. Due to the moment acting in the z direction, the shear stresses generated in the xy place are 

considered. At point A, the shear stress due to torsion is only pointing up and the horizontal 

component is 0, we cancel the zx shear stress also. Finally, there is a force acting in the y direction 

that created a shear stress in the xy plane as found. Therefore, this is the other none-zero term. Since 

no forces act in the y direction, the shear stresses there are also 0. Out of a total of 9 terms, only two 

terms have a magnitude and the rest are 0.  

 

Now since we have calculated the shear stress where curvature is not taken into consideration, we can 

also find with the helical curvature taken into account. Several sites on internet present various studies 

but the one we are going to consider is:xxxiv  

 

 
τxy,torsionl−curvature =

2CF0

A
(
4C − 1

4C − 4
)     

 Equation 3.3-11 

 

As it can be seen, previously without curvature the value was 1, but with the curvature into action, the 

value reduces a little with an addition of a constant. This means that the shear stress due to torsion 

decreases with an increase in curvature of the spring. Similarly, we can also find the shear stress due 

to shear force when curvature comes into action.vii  

 
τxy,shear force−curvature =

2CF0

A
(
0.615

C
)     

 Equation 3.3-12 

 

Previously, the factor being used was 2/3, which is 0.667, while with curvature, the factor being used 

is 0.615. This suggests that due to curvature of the wire, the shear stress due to the shear force also 

decreases, similar to the torsion force. This means that when we combine both the terms of shear 

stresses, the total with curvature should be less than without curvature. When we combine both the 

curvature terms, we get:  

 
τxy,total curvature =

2CF0

A
(
4C − 1

4C − 4
+

0.615

C
)     

 Equation 3.3-13 
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Since for every spring, C is constant, the bracket terms always remain constant. This constant term is 

called the Wahl curvature (Kw) and is displayed in equation 3.3-14 below :vii 

 

 
Kw = (

4C − 1

4C − 4
+

0.615

C
)     

 Equation 3.3-14 

 

This in fact is a very important term in fatigue and stress analysis since this term can be used to 

calculate the shear stress for any load acting. For example, if a load of 2000lbs acts on the spring, we 

can easily find that out using this Wahl curvature constant. Using the equation 3.3-13, we can find the 

total shear stress with curvature as 477.98 MPa or 69.33 ksi.  

 

Now, we are interested in finding the ratio of the different constants we have to multiply by to get 

factor with which we need to apply to find the curvature shear stress every time.  

 

 

Constant =
(
2CF0

A
(
4C − 1
4C − 4

+
0.615

C
) )

2CF0
A

(1 +
2
3𝐶

)
=

(
4C − 1
4C − 4

+
0.615

C
)

(1 +
2
3𝐶

)
    

 Equation 3.3-15 

 

This constant for our case is 1.09. This means that if we multiple our shear stress without curvature by 

1.09, we can find the shear stress with curvature. This can also be represented as the percentage 

increase, which is 8.90% of increase in shear stress when curvature is taken into account.  

 

From the figure 3.3-4 and 3.3-7, we can add the shear stresses in the xy direction and use it to a carry 

out a Mohr circle analysis. The shear stresses and normal stress are plotted in the figure 3.3-8 below.  

 
Figure 3.3-8: Mohr's circle 

 

 

Therefore, using the Mohr’s circle, we can calculate the principle stresses are shown in the figure 3.3-

9.  

 

The minimum normal stress is at point 2, which is 0.  

 σmin = 0 MPa      Equation 3.3-16 

Similarly, the maximum normal stress is at point 3, which is double of the radius r, which is  
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 σmax = 877.8 MPa MPa      Equation 3.3-17 

Finally, we can also calculate the maximum shear stress, which is given by the point 1 and is the 

radius of the circle.  

 τxy = 438.9 MPa MPa      Equation 3.3-18 

Since the radius hand is drawn at 90°, the actual stress angle is half of that, which is 45°. These are all 

shown in the figure 3.3-9 below.  

 

 
Figure 3.3-9: Principal stresses 

 

All the above specified shear stresses have been plotted on the figure 3.3-9 above. This stress diagram 

demonstrates the numerous stresses that act if the stress element in figure 3.3-4 was selected at a 45° 

angle, instead of 0°. This also means that a maximum of 877.8 MPa stress would act in some 

configurations of the spring. In this section so far, we have calculated the various shear stresses. They 

have all been summarised in the table 3.3-1 below.  

 

 

 

 

 

 

 

 

Table 3.3-1: Stress calculation parameters 

Notation Definition Metric 
value 

Units English 
value 

Units 

D Coil diameter 0.13  m 5.00  In. 

d Wire diameter 0.02  m 0.60  In. 

H Coil height 0.38  m 15.00  in 

P Coil pitch 0.06  m 2.50  in 
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C Ratio of diameters: coil/wire 8.33  none 8.33  none 

F0 Preload force 4,448.22  N 1,000.00  lbs  

A Area of the wire 0.000182 m^2 0.28  in^2 

Mz Moment -282.46 Nm -2500.00 lbfin 

𝝉𝒕𝒐𝒓𝒔𝒊𝒐𝒏  Shear stress due to torsion 406.42  MPa  58.95  ksi 

𝝉𝒔𝒉𝒆𝒂𝒓 𝒔𝒕𝒓𝒆𝒔𝒔  Shear stress due to shear force 32.51  MPa  4.72  ksi 

𝝉𝒕𝒐𝒕𝒂𝒍 𝐰/𝟎 𝐜  Total Shear stress without curvature  438.93  MPa  63.66  ksi  
(4C-1)/(4C-4) 1.10  None 1.10  None  
1.23/2C 0.07  None 0.07  None 

𝝉𝒕𝒐𝒕𝒂𝒍 𝐜  Shear stress with curvature 477.98  MPa  69.33  ksi 

K Wahl curvature 1.09 None 1.09 None 

Constant Constant for ratio of curvature 0.089 None 0.089 None  
Percentage difference 8.90  % 8.90  % 

 

Using the figure 3.3-7, we can also calculate the von-Mises effective stress given by the following 

equation:  
 

σv =
√((𝜎𝑥𝑥 − 𝜎𝑦𝑦)

2
+ (𝜎𝑦𝑦 − 𝜎𝑧𝑧)

2
+ (𝜎𝑧𝑧 − 𝜎𝑥𝑥)2 + 6(𝜏𝑥𝑦

2 + 𝜏𝑦𝑧
2 + 𝜏𝑧𝑥

2 ))

2
     

 Equation 3.3-19 

 

This can be easily found as most of the terms cancel out. After cancelling out, only two terms remains 

and that is 𝜏𝑦𝑧 as seen in the equation 3.3-20 below.  

 

 

σv = √
(6(𝜏𝑦𝑧

2 + 𝜏𝑧𝑥
2 ))

2
     

 Equation 3.3-20 

 

This is found to be 706.19 MPa or 102.42 ksi. Using the shear stress value we have found earlier in 

the section, we can calculate the static safety factors, that is, under preload conditions, associated with 

them. It is calculated using the formula: 

 SFys =  
σys

σv  

      Equation 3.3-21 

The static safety factors have been calculated below using the above 3.3-19 formula.  

Table 3.3-2: Static safety factors 

Notation Definition Metric 
value 

Units English 
value 

Units 

SFys Safety factor from yield stress 2.04 None 2.04 None 

SFts Safety factor from tensile stress 2.27 None 2.27 None 
The safety factors found are well far away from the actual yield stress and tensile stress. Double the 

value. Therefore, we should not be concerned about pre-load conditions.  

 

Section 3.4: Table of Data and Results 
Table 3.4-1: Data from chapter 3 

Notation Definition Metric 
value 

Units English 
value 

Units 

D Coil diameter 0.13  m 5.00  In. 
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d Wire diameter 0.02  m 0.60  In. 

H Coil height 0.38  m 15.00  in 

P Coil pitch 0.06  m 2.50  in 

C Ratio of diameters: coil/wire 8.33  none 8.33  none 

Wmin Preload force 4,448.22  N 1,000.00  lbs  

F0 Preload force 4,448.22  N 1,000.00  lbs  

A Area of the wire 0.000182 m^2 0.28  in^2 

Mz Moment -282.46 Nm -2500.00 lbfin 

𝝉𝒕𝒐𝒓𝒔𝒊𝒐𝒏  Shear stress due to torsion 406.42  MPa  58.95  ksi 

𝝉𝒔𝒉𝒆𝒂𝒓 𝒔𝒕𝒓𝒆𝒔𝒔  Shear stress due to shear force 32.51  MPa  4.72  ksi 

𝝉𝒕𝒐𝒕𝒂𝒍 𝐰/𝟎 𝐜  Total Shear stress without curvature  438.93  MPa  63.66  ksi  
(4C-1)/(4C-4) 1.10  None 1.10  None  
1.23/2C 0.07  None 0.07  None 

𝝉𝒕𝒐𝒕𝒂𝒍 𝐜  Shear stress with curvature 477.98  MPa  69.33  ksi 

K Wahl curvature 1.09 None 1.09 None 

Constant Constant for ratio of curvature 0.089 None 0.089 None  
Percentage difference 8.90  % 8.90  % 

SFys Safety factor from yield stress 2.04 None 2.04 None 

SFts Safety factor from tensile stress 2.27 None 2.27 None 
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xxxi “Torsion (Mechanics).” Wikipedia, Wikimedia Foundation, 28 Feb. 2018, 

en.wikipedia.org/wiki/Torsion_(mechanics). 
xxxii “Polar Moment of Inertia.” Wikipedia, Wikimedia Foundation, 20 Mar. 2018, 

en.wikipedia.org/wiki/Polar_moment_of_inertia. 
xxxiii Hibbeler, R. C., and K. S. Vijay. Sekar. Mechanics of Materials. Pearson Education South Asia Pte Ltd., 

2013. 
xxxiv Inc. “Calculator for Finding Forces and Shear Stresses in Compression Springs.” Engineering 

Fundamentals, www.efunda.com/designstandards/springs/calc_comp_Fstress.cfm. 

 

 

Section 3.6: Level of Effort 
I spent about 20 hours working on this chapter. Thank you.  
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Chapter 4: Fatigue Loading Conditions, Statics and Stress Analysis 
 
As mentioned in the previous chapters, that even when the car is standing still, numerous loads are 
acting on the helical coil compression spring that we are trying to analyse. Using these, an analysis of 
a pre-load condition conditions have been carried on in the previous chapter. However, when the car 
moves, various other forces act on the spring also that will be added on to the pre-load conditions. In 
this chapter, our goal is to further our understanding as higher loads act on the spring over a long 
period of time – these are called the fatigue loading conditions.  
 

Section 4.1: Fatigue Loading Conditions  
As determined in the previous chapter, a constant force of 1000lbs is constantly acting on the 
compression spring, which is identified as the ore-load force or the minimum static force. This is the 
bare minimum force that the spring will experience. There are various reasons why more force ought 
to act on the springs.  
 
The very first increase in this weight on the spring will be due to the driver and passengers weight as 
they get into the car. Their weight will collectively add on the cars. They might carry want to carry a 
luggage with them as well. As the car comes in motion, one can observe that the road is not always 
completely flat due to which the car goes in bumps. These bumping conditions add to the pre-load 
force mentioned earlier. In fact, the bigger the bump, the higher the force that acts on it. This force is 
higher, also when the speed of the car is higher. Similar additional forces also act when the car goes 
through potholes and uneven road. Some countries have far worse than some other countries, 
therefore, the demographics of where the car is being driven will also effect the loading conditions of 
the car. One of the other things that people don’t take into account is the driving style of the driver. 
It has been publicly noted through various experiments that men and women have different driving 
styles.xxxv Similarly, various other driving habits also get included in the above list on how various other 
forces act on the spring.  
 
However, the part to notice is that the spring has an oscillating mechanism, that is, when a force acts 
on it, it will go through various cycles until it stops oscillating and this motion is known as the simple 
harmonic motion. This motion actually turns to be exactly modelled by a sin curve as shown in the 
Figure 4.1-9 below.  

 
Figure 4.1-9: Damping when a force acts on the spring 
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At the point (0,0) in the figure 4.1-1 above, a force acts on the spring, which compresses the spring 
down. The through the stored elastic energy in the spring, it pushes itself up to a high value, even 
above where it started. However, this simple harmonic motions damps itself over time as this a 
suspension spring. Also, the viscosity of the air around slows the spring over down. The above figure 
is exaggerated to some extent to show the damping motion. The spring actually comes down to the 
original length in just two or three cycles. The helical coil compression springs are designed in that 
way.  
 
As more force acts on the spring, we observe that the amplitude of the above curve increases shown 
in the Figure 4.1-10. The point to be noted is that the damping effect in not shown in this figure. 
However, similar to the Figure 4.1-9, damping effect takes place here.  
 

 
Figure 4.1-10: Cycles with different loads 

 
On top of the pre-load, we will apply more force with an increment of 200lbs. These are the 
increments shown in the figure above. However, another point to notice is that even though the spring 
oscillates with more force acting on it, the low value continues to remain remains the same. This 
translates to low shear stresses being calculated be the same no matter what forces act on the spring. 
The higher stresses change with more force acting on it. The force (W) at any point can be given by  
Equation 4.1-7.  
 

 
W = Wpre−load + 200 ∗ N 

Where N = 1, 2, … , 10  
 Equation 4.1-7 

 
To continue with our fatigue plots, we are going to work with a total of 11 forces and calculate the 
respective stresses on each of them and perform a fatigue analysis on it.  These operating points have 
been shown below in table 4.4-1.  
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Table 4.1-1: Operating points and corresponding forces 

N - Operating 
points 

Force (N) Force (lbf) 

0 - pre-load 4448 1000 

1 5338 1200 

2 6228 1400 

3 7117 1600 

4 8007 1800 

5 8896 2000 

6 9786 2200 

7 10676 2400 

8 11565 2600 

9 12455 2800 

10 13345 3000 

 
Another assumption we are going to make is that the spring goes through a total 10 cycles in 1 mile. 
As mentioned earlier, these oscillations may have been caused through various forces acting on the 
spring. From the project requirement, it has been told to us that these are the number of cycles we 
are going to work with. This is one of our assumptions that will change with as the we consider the 
car from people to people, location to location and geographical demographics to demographics, etc.  
 
We have also been told from the project requirement that a car is driven for about 10,000 miles or 
160,94 km a year. However, this is just an assumption and this number will change from car to car. 
Using the information in the previous paragraphs, we can find out the total number of cycles a car 
goes through in one year. This number is extremely important when considering the fatigue analysis 
of the spring and predicting how long the spring is going to last without failure.  
 

 Number of cycles =
10𝑐𝑦𝑐𝑙𝑒𝑠

𝑚𝑖𝑙𝑒
∗
10,000𝑚𝑖𝑙𝑒𝑠

𝑦𝑒𝑎𝑟
= 100,000

𝑐𝑦𝑐𝑙𝑒𝑠

𝑦𝑒𝑎𝑟
  Equation 4.1-8 

 
Therefore, from  Equation 4.1-8, we decipher than in one year, we expect about 100,000 cycles to 
take place in the helical coil compression spring that we are analysing.  
 

Section 4.2: Fatigue Stresses 
In this section, our aim is to produce the stresses for all the operating points that we have identified 
in the previous section. As discovered in chapter 2 and 3, we have found that there are no normal 
forces acting on the spring in the orientation of interest, therefore, all the stresses that we find are 
normal stresses. Previously in chapter 3, we derived an equation that helps us calculate the stresses 
based on the forces that we have identified in section 4.1 in table 4.1-1. In chapter 3, we calculated 
the shear stress with curvature for the pre-load condition to be 69.33ksi or 439MPa using the following 
formula 
 

 
τxy,total curvature =

2CF0

A
(
4C − 1

4C − 4
+

0.615

C
)     

 Equation 4.2-1 

Since the force acting on the equation is linearly proportional to the shear stress as shown in the 
equation 4.2-2 below.  
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 τxy,total curvature ∝ F0  Equation 4.2-2 

 

Where the linear constant of proportionality is K = 
2C

A
(
4C−1

4C−4
+

0.615

C
). The only two variables in K are C 

and A – ratio of diameters and cross-sectional area of the diameter, and these are constants. 
Therefore, if we multiply F by a certain factor, then the shear force also gets multiplied by the same 
factor. This is exactly what we are doing in equation 4.1-1, where we are multiplying force by a certain 
constant to obtain the associated stresses.  
 

 
τxy,total curvature = 69.33 + (1 + N ∗

200

1000
) ∗ 69.33 

 Equation 4.2-3 

 
If we look at equation 4.2-3 closely, it is exactly the same as equation 4.1-1. From this equation 4.2-3, 
we observe that the as the force increases, the magnitude of the shear stress acting on the spring also 
increases at a linear rate. Another way of understanding this has been explained further. When more 
force acts on the spring, the spring compresses and then oscillates. This has been shown in the Figure 
4.2-1.   

 

Figure 4.2-1: Result of addition of force on a spring 

The mechanical energy of the spring is stored as elastic energy, which is given by the following formula.  
 

 
Ek =

1

2
kx2 

 Equation 4.2-4 

 
As the delta x increases, due to more force acting, the stored elastic potential energy increases in the 
spring. This energy comes from the work done by the external object. This higher energy concept also 
explain an increase in stresses of the curve. Using the equation 4.3-2, we can derive the total shear 
stresses for all the operating points with curvature that we are interested in and relate to the different 
forces acting. These are shown in the Table 4.2-1 below. A sample calculation has been done for N = 
1 below.  

 
τxy,total curvature = 69.33 + (1 + 1 ∗

200

1000
) ∗ 69.33 = 83.19ksi  Equation 4.2-5 

 
Similarly, all the rest shear stress values have been calculated using different values of N from 1 
through 10 in table 4.2-3. The force values have been places for reference and have been taken from 
figure 4.1-1.  
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Table 4.2-1: Operating points and their respective stresses 

N - Operating 
points 

Force (N) 𝝉𝒎𝒂𝒙 (𝑴𝑷𝒂) Force (lbf) 𝝉𝒎𝒂𝒙 (𝒌𝒔𝒊) 

0 - pre-load 4448 477.98 1000 69.33 

1 5338 573.58 1200 83.19 

2 6228 669.17 1400 97.06 

3 7117 764.77 1600 110.92 

4 8007 860.36 1800 124.79 

5 8896 955.96 2000 138.65 

6 9786 1,051.56 2200 152.52 

7 10676 1,147.15 2400 166.38 

8 11565 1,242.75 2600 180.25 

9 12455 1,338.34 2800 194.11 

10 13345 1,433.94 3000 207.98 

 
 
Using the above plot values, we can easily calculated the rest of stresses to better prepare ourselves 
to carry out a fatigue analysis.  
 

Section 4.3: Fatigue Operating Point Plot 
As it has been mentioned previously in figure 4.1-2, the minimum stress of the spring continues to 
remain at 69.33ksi, as shown in the figure 4.3-3 below. The y-axis of the graph are the values taken 
from the table 4.2-3 above. These show the oscillation of the spring as different stresses act on it.  

 
Figure 4.3-1: Cycles with different loads 

 
From the figure, it is clearly observable that the lowest value of the stress is 69.33ksi and the maximum 
value is the corresponding stress values found towards the end of section 4.2. These minimum and 
maximum values of the stresses in both English and metric units have been provided in the ______ 
below.  
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Table 4.3-1: Comprehensive list of the minimum and maximum shear stresses 

N - Operating 
points 

Force (N) 𝝉𝒎𝒊𝒏(𝑴𝑷𝒂) 𝝉𝒎𝒂𝒙(𝑴𝑷𝒂) Force (lbf) 𝝉𝒎𝒊𝒏(𝒌𝒔𝒊) 𝝉𝒎𝒂𝒙(𝒌𝒔𝒊) 

0 - pre-load 4448         477.98          477.98  1000           69.33            69.33  

1 5338         477.98          573.58  1200           69.33            83.19  

2 6228         477.98          669.17  1400           69.33            97.06  

3 7117         477.98          764.77  1600           69.33          110.92  

4 8007         477.98          860.36  1800           69.33          124.79  

5 8896         477.98          955.96  2000           69.33          138.65  

6 9786         477.98       1,051.56  2200           69.33          152.52  

7 10676         477.98       1,147.15  2400           69.33          166.38  

8 11565         477.98       1,242.75  2600           69.33          180.25  

9 12455         477.98       1,338.34  2800           69.33          194.11  

10 13345         477.98       1,433.94  3000           69.33          207.98  

 
Using the different minimum and maximum points in the graph, we can plot these with minimum in 
abscissa and the maximum stress in the ordinate.  

 
Figure 4.3-2: Graph of maximum shear stress vs minimum shear stress in ksi 

The operating points are shown to the right of the points in the graph. A similar plot in metric units 
can also be drawn and is shown in below.  
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Figure 4.3-3: Graph of maximum shear stress vs minimum shear stress in MPa 

The above two plots look nice, and those are the standard used across spring community. However, 
in our classroom, we have used different kinds of graphs where we calculate the mean stress and the 
alternating stress. These have been defined using the following figure 4.3-3.xxxvi  

 
Figure 4.3-11: Explanation of mean and alternate stress 

From the oscillation mentions in the figure 4.3-1, one of the oscillations is shown in the figure 4.3-4 
for N = 1. The mean stress is the average of the sine-periodic curve, while the deviation or the 
amplitude of the curve is known as the alternating stress. The mean stress can easily be found using 
the following formula 
 

 
τmean =

τ𝑚𝑎𝑥 + τmin

2
  Equation 4.3-1 

 
Furthermore, we can also find the alternating shear stress as:  



 

 35 

COMPREHENSIVE FATIGUE ANALYSIS OF A HELICAL COIL COMPRESION SPRING FROM TOYOTA 

RAV4 XLE 2015 

Chapter 4: Fatigue Loading Conditions, Statics and Stress Analysis 

35 

 
 τalt =

τ𝑚𝑎𝑥 − τmin

2
  Equation 4.3-2 

 
Using the above two specified formulae, we can calculate the corresponding shear stresses of all the 
different operating points. These calculations have been tabulated in the table 4.3-2 below.  
 

Table 4.3-2: Alternate and Mean stress values along with forces in metric and English units 

N - Operating 
points 

Force (N) 𝛕𝐦𝐞𝐚𝐧(𝐌𝐏𝐚) 𝛕𝐚𝐥𝐭(𝐌𝐏𝐚) Force (lbf) 𝛕𝐦𝐞𝐚𝐧(𝐤𝐬𝐢) 𝛕𝐚𝐥𝐭(𝐤𝐬𝐢) 

0 - pre-load 4448 477.98 0.00 1000 69.33 0.00 

1 5338 525.78 47.80 1200 76.26 6.93 

2 6228 573.58 95.60 1400 83.19 13.87 

3 7117 621.37 143.39 1600 90.12 20.80 

4 8007 669.17 191.19 1800 97.06 27.73 

5 8896 716.97 238.99 2000 103.99 34.66 

6 9786 764.77 286.79 2200 110.92 41.60 

7 10676 812.57 334.59 2400 117.85 48.53 

8 11565 860.36 382.38 2600 124.79 55.46 

9 12455 908.16 430.18 2800 131.72 62.39 

10 13345 955.96 477.98 3000 138.65 69.33 

 
Similar to the previous graphs, we can also plot this table data into graphs, on which we will be able 
to carry on a fatigue analysis.  

 
Figure 4.3-12: Graph of alternating vs mean stress in ksi 

Once again, similarly, this graph can also be plotted in metric units, such as shown below. 
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Figure 4.3-13: Graph of alternating vs mean stress in MPa 

 
In this section, we have taken two approaches to plot the maximum and minimum shear stresses that 
the spring goes through in its lifetime. We approximated that 3000lbs will be the maximum force that 
will act on any given day.  
 
Another aspect that was discussed in section 4.1 was the number of cycles that that the car goes 
through 10 cycles in one mile. The very first increase in this weight on the spring will be due to the 
driver and passengers weight as they get into the car. Their weight will collectively add on the cars. 
They might carry want to carry a luggage with them as well. As the car comes in motion, one can 
observe that the road is not always completely flat due to which the car goes in bumps. These bumping 
conditions add to the pre-load force mentioned earlier. In fact, the bigger the bump, the higher the 
force that acts on it. This force is higher, also when the speed of the car is higher. Similar additional 
forces also act when the car goes through potholes and uneven road. Some countries have far worse 
than some other countries, therefore, the demographics of where the car is being driven will also 
effect the loading conditions of the car. One of the other things that people don’t take into account is 
the driving style of the driver. It has been publicly noted through various experiments that men and 
women have different driving styles.i Similarly, various other driving habits also get included in the 
above list on how various other forces act on the spring.  
 
Due to the above mentioned reasons, the car might go through a total of 100,000 cycles (just as shown 
in the figure 4.3-4) per year, which is a very big number. In each of the case or operating points 
mentioned, when we work out a fatigue analysis, we will work on all of these N=1 to 10 operating 
points. This category will be explored in various ways in the 2 chapter to follow, where in chapter 5 
we will introduce the technique and in chapter 6, we will actually include a fatigue analysis to these 
operating points and will work out the average life expectancy of the helical coil compression spring.  
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Section 4.4: Table of Data and Results 
Table 4.4-1: Force, maximum and minimum stresses 

N - Operating 
points 

Force (N) 𝝉𝒎𝒊𝒏(𝑴𝑷𝒂) 𝝉𝒎𝒂𝒙(𝑴𝑷𝒂) Force (lbf) 𝝉𝒎𝒊𝒏(𝒌𝒔𝒊) 𝝉𝒎𝒂𝒙(𝒌𝒔𝒊) 

0 - pre-load 4448         477.98          477.98  1000           69.33            69.33  

1 5338         477.98          573.58  1200           69.33            83.19  

2 6228         477.98          669.17  1400           69.33            97.06  

3 7117         477.98          764.77  1600           69.33          110.92  

4 8007         477.98          860.36  1800           69.33          124.79  

5 8896         477.98          955.96  2000           69.33          138.65  

6 9786         477.98       1,051.56  2200           69.33          152.52  

7 10676         477.98       1,147.15  2400           69.33          166.38  

8 11565         477.98       1,242.75  2600           69.33          180.25  

9 12455         477.98       1,338.34  2800           69.33          194.11  

10 13345         477.98       1,433.94  3000           69.33          207.98  

 
Table 4.4-2: Forces, mean and alternate shear stresses 

N - Operating 
points 

Force (N) 𝛕𝐦𝐞𝐚𝐧(𝐌𝐏𝐚) 𝛕𝐚𝐥𝐭(𝐌𝐏𝐚) Force (lbf) 𝛕𝐦𝐞𝐚𝐧(𝐤𝐬𝐢) 𝛕𝐚𝐥𝐭(𝐤𝐬𝐢) 

0 - pre-load 4448 477.98 0.00 1000 69.33 0.00 

1 5338 525.78 47.80 1200 76.26 6.93 

2 6228 573.58 95.60 1400 83.19 13.87 

3 7117 621.37 143.39 1600 90.12 20.80 

4 8007 669.17 191.19 1800 97.06 27.73 

5 8896 716.97 238.99 2000 103.99 34.66 

6 9786 764.77 286.79 2200 110.92 41.60 

7 10676 812.57 334.59 2400 117.85 48.53 

8 11565 860.36 382.38 2600 124.79 55.46 

9 12455 908.16 430.18 2800 131.72 62.39 

10 13345 955.96 477.98 3000 138.65 69.33 

 
 

Section 4.5: References

xxxv Hennessy, Michelle. “Survey Shows Men Drive Faster but Women Are Less Confident behind the Wheel.” 

TheJournal.ie, www.thejournal.ie/men-women-driving-survey-724961-Jan2013/. 
xxxvi Lecture notes AME 3353 - 04052018 
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Chapter 5: Fatigue Tests/Models, Failure Criteria and Fatigue Failure 
Mechanisms 

In the previous chapters, we have built a significant amount of theory to get started on fatigue analysis. 
As mentioned previously, we are analysing the helical coil compression spring and are interested in 
calculating the life expectancy of this spring based on a detailed fatigue analysis. Till now, we have 
represented the numerous stresses that act on the spring in the form of shear stresses. We have 
represented this in two kinds of graphs – minimum – maximum and alternate – mean stress diagrams. 
The goal of this chapter is to facilitate this movement from these graphs into carrying out a fatigue 
analysis. In this chapter, we will introduce fatigue models in order to prepare for coming up with a life 
expectancy for the spring.  

 

Section 5.1: Fatigue Factors 
Before we get started with the fatigue analysis, there are some fatigue factors we need to have in 
hand as tools to prepare ourselves for fatigue analysis in the next chapter. To plot the very basic stress-
strain curve, the specimen is pulled from both the directions. A strain gage measures the deformation 
through which the strain can be calculated. From the force used to pull the specimen, a normal stress 
can be calculated. The figure 5.1-1 below shows this stress strain curve.xxxvii  
 

 
Figure 5.1-1: Stress and strain curve for an unidentified specimen 

The point A and B in the above figure specify the yield and the tensile stress. When a load is applied, 
the specimen continues to deform at a linear rate. The stress at which this linear rate stops at point A 
is called the yield strength. In carrying out this experiment, the maximum stress that the specimen 
experiences at point B is called the ultimate tensile strength. These values for the yield and the tensile 
stress have been calculated and listed in the table 5.1-1 below.  
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Table 5.1-1: Ultimate tensile and yield stress of the spring 

Notation Definition Metric value Units English value Units 

(Su) Ultimate Tensile 
Stress  

1600 MPa 232.06 ksi 

(Sy) Tensile Yield 
Stress  

1440 MPa 208.85 ksi 

 
The above table is for the when only normal forces are acting. However, we discovered in chapter 3 
that there are no normal forces acting on the spring. There are only shear forces acting. Therefore, we 
need to modify the above values to make sure they fit the appropriate shear stress models.  
 
When the above test is done and the specimen fails, we would expect the fracture to happen in a 
single plane. However, surprisingly, it happens at a 45° and this is due to a smaller shear force acting, 
which is a fraction of the total yield and tensile strength. This has been proved in theory again and 
again and is shown in the figure 5.1-2 below and is the reason why this steel experiences a failure at 
45°.  
 

 
Figure 5.1-2: Biaxial testing of steel and 45° 

This is why we have extracted the shear yield and ultimate stresses, which are more apt for our fatigue 
analysis below.xxxviii As mentioned earlier, they are fractions of the original yield and tensile stresses.  
 

 Sus = 0.8 Su  Equation 5.1-9 
   
 Sys = 0.577 Sy  Equation 5.1-2 

 
These values have been calculated and placed in the table 5.1-2 below.  
 

Table 5.1-2: Shear yield and tensile stress of the spring 

Notation Definition Metric 
value 

Units English 
value 

Units 

(Sus) Ultimate Shear 
Stress  

1280 MPa 185.65 Ksi 

(Sys) Shear Yield 
Stress  

831 MPa 120.58 ksi 

 
The helical coil compression spring is produced using a process called shot pinning as it increases the 
spring performance significantly. However, this process is not completely understood. In this process, 
the whole surface of the spring is bombarded with many small particle of rounded shots. These are 
hit with such high velocities that about 80% of the spring is covered with small indents. In fact, it is 
required by ASTM that this minimum of 80% should be covered with indents to ensure high quality 
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spring is produced. Usually, 90 – 100% is the range manufacturers try to aim for. The benefits of shot 
peening are listed as:xxxix  

 The spring surface is harder (stronger) 

 The original wire surface is smoother with the original wire drawing marks being largely 
obliterated. 

 There will be a residual compressive stress on the inside surface of the compression spring 
where the applied stress in service will be a maximum. 

  
As it can be seen, in terms of the helical coil compression spring, all the above 3 reasons are absolutely 
necessary to ensure that we manufacture a safe to use spring for the suspension of the Toyota RAV4 
where this spring is being used. These considerably improve the fatigue performance of the spring.  
 
Another quirk added to the spring when manufacturing it is presetting, which is supposed to increase 
the spring’s tensile strength by 75% of the material being used. This is done by making the spring 
slightly long that its required free length and then compressed to solid. This allows the spring to return 
to original length when it solidifies. If a stress of more than maximum stress is applied, the spring 
would permanently deform and would not come back to the original desired length.xl The upmost 
reason for presetting is the increases the load carrying capacity of the spring in fatigue loading. 
However, this percentage increase does depend on the material and the amount of strain beyond the 
yield stress.xli  
 
Toyota RAV4 is the car we are analysing and it operates in numerous regions of the world. In some 
places in Asian and African subcontinents, the temperatures could reach to as high as 53°C. This is the 
time especially when people prefer to use their cars to commute. In such harsh condition with high 
temperatures, there are obvious effects that may or may not be noticeable on the helical coil 
compression spring that we are analysing. We are aware that as temperature increases, a metallic 
material becomes more ductile, that is the yield and the tensile strength decreases. Due to this, we 
would expect the spring constant of the spring to become smaller and, therefore, we should observe 
a greater displacement from the mean also. We have to take all these factors into consideration when 
carrying out a fatigue analysis.  
 
Stress endurance limit (Se’) is defined as “the maximum completely reversing cyclic stress that a 
material can withstand for indefinite (or infinite) number of stress reversals.”xlii This is the maximum 
alternating strength at which the mechanical component has an infinite life. However, the actual 
endurance stress is experimentally found to be slightly less than this actual value found. This is why 
Se’ is multiplied by a factor to adjust to this factor (Se). Because of this, the actual endurance limit is 
slightly lower than that found through theory. This is a slightly more conservative approach towards 
the endurance limit.  
 
In these journal papers found (Effect of surface finish on Fatigue Strength by Mohamed Bayoumixliii 
and Effects of microstructure and surface roughness on the fatigue strength of high-strength steels by 
Junbio Laixliv) , the authors suggest a heavy dependence of endurance limit on surface roughness. They 
have proposed various models to assign these. If there is a surface roughness, it already creates the 
surface cracks that lead to fatigue mechanisms and failure can happen easily while testing. Therefore, 
the smoother the surface, the higher the endurance limit is predicted to be.  
 

 Se = CLCGCSCTCRSe
′   Equation 5.1-3 

 
Where CL is the load factor, CG is the gradient factor, CS is the surface factor, CT is the temperature 
factor and CR is the reliability factor. All of these factors vary from material to material. In our case, 
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we are going to assume that of these factors are 1 as specified by the project description. Therefore, 
the endurance limit is:  

 Se = Se
′   Equation 5.1-4 

 
As mentioned earlier, endurance limit changes as we consider different number of cycles. When we 
consider 1000 cycle, the endurance limit of the spring will be much higher because in comparison to 
a million cycles, the spring can withstand less cycles far more easily. As we will be considering different 
number of cycles, we have to develop a notation for the various cycles. These are listed in the table  
 

Table 5.1-3: Cycle notation 

Category Cycle count 

L3 1,000 

L4 10,000 

L5 100,000 

L6 – infinite life  1,000,000 

 
Because of these different cycles, the endurance limit is different for various cycles and they are listed 
in the table 5.1-4 below. These have been determined through various tedious experiments.  
 

Table 5.1-4: Endurance limit stress for various cycles 

 Parameter Value Metric Units Value English Units 

L3s S3us = 0.90 Sus 1152 MPa 167.08 ksi 

L4s S4us = 0.70 Sus 896 MPa 129.95 ksi 

L5s S5us = 0.50 Sus 640 MPa 92.82 ksi 

L6s S6us = 0.36 Sus 464 MPa 67.31 ksi 

 
Using the above parameters, we can finally begin with fatigue analysis by using the Goodman Fatigue 
Model specified in the next section.  
 

Section 5.2: Modified Goodman Fatigue Model 
Goodman fatigue model is superimposed on top of the max-min and alt-mean graphs that we plotted 
in the previous chapter and allows us to observe the safety factors and find the life expectancy of the 
spring. However, we are going to use the Modified Goodman Fatigue Model (MGFM). There is a key 
difference between the modified and normal model and this is dependent on the last part of the 
previous section. In the MGFM, we consider the endurance limit of the spring for various cycles more 
realistically/conservatively. This is done by adding various constants, which we observed for our case 
are all 1, therefore, our modified and normal Goodman models are exactly the same. We are making 
this assumption because it is easier to carry out our analysis like that.  
 
A MGFM for L3 Case in English units has been plotted below to show exactly how the MGFM figure 
looks like.  
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Figure 5.2-1: MGFM plot in ksi for alt-mean fatigue plot 

The domain of this graph is from 0 to Sus identified earlier and the range is from SNus to 0. The formula 
to plot the individual fatigue model is:  
 

 
τalt−N = −

SNus

Sus
τmean + SNus 

 Equation 5.2-1 

 
In the above equation 5.2-1, N is the fatigue cycle we are interested in finding. This equation works 
for both the metric and English units. To provide an example using this equation, we have provided 
the equation for L6 as 
 

 
τalt−6 = −

S6us

Sus
τmean + S6us 

 Equation 5.2-2 

 
Similar formulae can be written for L3, L4 and L5 and plotted. In the above figure 5.2-1, these have 
been plotted. We will save this process for chapter 6 where we do the same in metric units. To explain 
this graph a little more, we start with the domain of 0 and we increase until we reach the ultimate 
stress. In the y direction, we start at the endurance stress and slowly decrease to 0. This is because at 
a mean stress of 0, we can be at the endurance limit, but as we increase the mean stress, we expect 
the alternate stress to decrease as it becomes harder for the spring to vary as much as it could before.  
 
An equation similar to equation 5.2-1 can be derived also, but before that, let us observe what the 
actual plot looks like for a max-min graph.  
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Figure 5.2-2: MGFM in ksi for max-min fatigue plot 

Similar to equation 5.2-1, we can derive an equation for max-min fatigue plots also as given in 
equation 5.2-3.  

 
τmax = SNus +

Sus − SNus

Sus + SNus

(SNus + τmin) 
 Equation 5.2-3 

 
The above equation has been derived from careful derivation of proportionality. In this figure 5.2-2, 
since we are aware of the starting and the ending point of the curve, the above equation 5.2-3 is easily 
to calculate with the use of these two points and by learning the y-axis intercept. The y intercept is 
found by finding the proportion of indefinite points that lie on the negative x region and the other 
points that lie on the positive x region. Using this proportionality, the y intercept can be calculated, 
generally noted by b in linear regression analysis. A sample equation of infinite life has been written 
below for reference and a better understanding.  
 

 
τmax =  67.31 +

185.65 − 67.31

185.65 + 67.31
(67.31 + τmin) 

 Equation 5.2-4 

 
To explain the figure 5.2-2 a little more, since we are interested in the minimum stress, our endurance 
stress oscillates from negative to positive every time the spring oscillates. This is why the SNus starts 
from negative value and then increases all the way until it reaches a maximum of ultimate tensile 
shear stress on the right side of the graph. On the range of the graph, it starts at a maximum value of 
endurance limit as that is range it oscillates at. Following that it increases until it reaches the maximum 
of ultimate tensile stress. This is what the Modified Goodman Fatigue Model looks like and their 
associated equations have been listed.  
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All the parameters needed to plot a MGFM are listed below.  
 

Table 5.2-1: Parameters needed to plot a MGFM 

 Parameter Value Metric Units Value English Units 

(Su) Ultimate Tensile Stress  1600 MPa 232.06 ksi 

(Sus) Ultimate Shear Stress  1280 MPa 185.65 ksi 

L3s S3us = 0.90 Sus 1152 MPa 167.08 ksi 

L4s S4us = 0.70 Sus 896 MPa 129.95 ksi 

L5s S5us = 0.50 Sus 640 MPa 92.82 ksi 

L6s S6us = 0.36 Sus 464 MPa 67.31 ksi 

 
Using the above parameters as well as the stress operating points from the previous chapter can be 
compiled to plot a MGFM.  
 

Section 5.3: Fatigue Safety Factor 
The fatigue safety factors have been calculated in chapter 3 also. Using a similar approach, we can 
calculate the safety factor for each of the operating points also. Since both the fatigue plots are trying 
to achieve the same thing, the number of points with safety factor over 1 are exactly the same but the 
actual value of the safety factor changes since both the graphs are plotted on different scales.  
 
In order to calculate the safety factor, we have to find the value of the Goodman plot at the x-axis 
value of the operating point and then divide it by the y value of the fatigue point that we have. A 
sample calculation for L6 operating point 10 has been carried out in the max-min graph. For operating 
point 10, the minimum stress is 69.33 ksi and maximum stress is 207.98 ksi. When we use the equation 
5.2-3 to find the maximum stress on the Goodman plot at 69.33 ksi, we get 131.23. To find the safety 
factor, we do the following:  
 

 
SF =

131.23

207.98
 = 0.63 

 Equation 5.3-1 

 
Therefore, the safety factor is 0.63. Since the safety factor is less than 1, we expect the spring to not 
be able to sustain the load for 106 cycles at 3000 lbf. We can do a similar calculation for the alt-mean 
plot also. To use the same plot point L6 operating point 10, the alternate stress is 138.65 ksi and mean 
stress is 69.33 ksi. Using the mean stress, we can find the value of the Goodman plot using the 
equation 5.2-1 to be 17.04. The calculation of the safety factor is given below.  
 

 
SF =

17.04

69.33
 = 0.25 

 Equation 5.3-2 

 
When the results of equation 5.3-1 and 2 are compared, we see that we get a different value for the 
safety factor. This happens since we are using different scales to calculate each of the following. The 
only thing we will find in common between the plots is that the number of factors less than 1 will be 
same for both. This is because they both based on a similar scale.  
 
Therefore, we have seen that in order to calculate the safety factors, we don’t really need any new 
parameters. They already exist, we just have to calculate the different fatigue values for the x-axis 
value of different life cycles that we look at. These life cycles are listed in the table 5.3-1 below.  
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Table 5.3-1: Parameters for  Safety Factor calculations 

Category Cycle count 

L3 1,000 

L4 10,000 

L5 100,000 

L6 – infinite life  1,000,000 

 
We have to calculate the different safety factors for the above mentioned cycles for every operating 
point. This is a very tedious process and in total 40 safety factors points will be plotted. Out of those, 
we have to identify which are the factors above the safety factor of 1 and make sure that our helical 
coil compression spring remains in that particular range of the loading. If it goes above that, the spring 
is likely to experience failure and the car needs to be changed.  
 
From the previous chapter 4, we are also aware of how long the car needs to run before we reach 
every number of cycles and using that we can calculate the average life expectancy of the spring and 
how often it needs to be changed. All of these will be determined in the next chapter 6.  
 

Section 5.4: Table of data 
Table 5.4-1: Chapter 5 table of data 

Notation Definition Metric value Units English value Units 

(Su) Ultimate Tensile Stress 1600 MPa 232.06 ksi 

(Sy) Tensile Yield Stress 1440 MPa 208.85 ksi 

(Sus) Ultimate Shear Stress 1280 MPa 185.65 Ksi 

(Sys) Shear Yield Stress 831 MPa 120.58 ksi 

L4s S4us = 0.70 Sus 896 MPa 129.95 ksi 

L5s S5us = 0.50 Sus 640 MPa 92.82 ksi 

L6s S6us = 0.36 Sus 464 MPa 67.31 ksi 

 
Table 5.4-2: Chapter 5 table of data life cycles 

Category Cycle count 

L3 1,000 

L4 10,000 

L5 100,000 

L6 – infinite life  1,000,000 

 
 
 

Section 5.5: References
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Chapter 6: Fatigue Failure Analysis and Life Expectancy 
All the previous chapters have been set up to come to this chapter. In this chapter, our goal is to create 

the fatigue plots using the information from chapter 5 and then continue with our fatigue analysis. In 

doing this, we will find the life expectancy of the spring and calculate the respective safety factor of 

each of the life cycles that we are interested in.  

 

Section 6.1: Modified Goodman Fatigue Model and Equations 
In the chapter 5, we have derived all the equations for the Modified Goodman Fatigue Model (MGFM). 

These equations, as mentioned earlier, are crucial in creating a fatigue plot and performing a fatigue 

analysis. This is a good time to define what fatigue means. Fatigue failure is defined as the tendency of 

a material to fracture by means of progressive brittle cracking under repeated alternating or cyclic 

stresses of an intensity considerably below the normal strength.xlv As mentioned in chapter 3, we 

perform cyclical shear stress on the helical coil compression spring and carry out the fatigue analysis 

for various cycles in terms of L. These have been specified in the table 6.1-1 below.  

 

Table 6.1-1: Cycle notation 

Category Cycle count 

L3 1,000 

L4 10,000 

L5 100,000 

L6 – infinite life  1,000,000 
 

In chapter 5, we came up with the equation for all of these life cycles that allows us to plot MGFM on 

a mean-alt graphs. This equations was: 

 
τalt−N = −

SNus

Sus
τmean + SNus 

 Equation 6.1-1 

 

In this equation SNus is the shear endurance limit for the associated life cycle that we are working with 

and Sus is the shear stress for the spring that we have specified in chapter 2. Please visit table 5.4-1 and 

2.4-1 to be find these specific values. These values have been specified again the table 6.1-2 below.  

 

Table 6.1-2: Endurance limit stress for various cycles 

 Parameter Value Metric Units Value English Units 

L3s S3us = 0.90 Sus 1152 MPa 167.08 ksi 

L4s S4us = 0.70 Sus 896 MPa 129.95 ksi 

L5s S5us = 0.50 Sus 640 MPa 92.82 ksi 

L6s S6us = 0.36 Sus 464 MPa 67.31 ksi 
 

For the alt mean graph, we observe that the domain is from 0 to Sus and the range is from 0 to SNus. This 

equation is generic for all units, as long as the parameters being used are all in the same units.  

 

In chapter 5, we also came with the MGFM plot equation for max-min graph. This equation was: 

 

 
τmax = SNus +

Sus − SNus

Sus + SNus

(SNus + τmin) 
 Equation 6.1-2 

 

Different variables have already been specified in the previous paragraph and tables in the previous 

chapters. The domain of equation 6.1-2 is from -SNus to Sus and the range is from SNus to Sus. As it can 

be seen, the range is much smaller in comparison to the domain, and this will be observable in the graph 

we plot in section 6.4. Once again, this equation generated is applicable to all units.  
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Section 6.2: Min – Max Fatigue Plots (ksi units and MPa units) 
In this section, we can use the equation 6.1-2 generated above to plot the fatigue lines on the operating. 

The basic plot with only the operating points have been shown in the figure 4.3-4 and 5. Please review 

that section to understand where those points arise from. Using the MGFM, we can superimpose the 

fatigue plots on the operating points to observe, which points are under and over the curve. For all the 

associated τmin values, associated τmax values have been calculated and presented in the table 6.2-1 

below.  

Table 6.2-1: MGFM fatigue plot data in min-max axis in ksi 

N  𝛕𝐦𝐢𝐧 𝛕𝐦𝐢𝐧 
L3 (ksi) L4 (ksi) L5 (ksi) L6 (ksi) 

𝛕𝐦𝐢𝐧 τmax 𝛕𝐦𝐢𝐧 τmax τmin τmax τmin τmax 

0  69.3 69.3 -167.1 167.1 -130.0 130.0 -92.8 92.8 -67.3 67.3 

1 69.3 83.2 -131.8 168.9 -98.4 135.5 -65.0 102.1 -42.0 79.1 

2 69.3 97.1 -96.5 170.8 -66.8 141.1 -37.1 111.4 -16.7 91.0 

3 69.3 110.9 -61.3 172.7 -35.3 146.7 -9.3 120.7 8.6 102.8 

4 69.3 124.8 -26.0 174.5 -3.7 152.2 18.6 130.0 33.9 114.6 

5 69.3 138.7 9.3 176.4 27.9 157.8 46.4 139.2 59.2 126.5 

6 69.3 152.5 44.6 178.2 59.4 163.4 74.3 148.5 84.5 138.3 

7 69.3 166.4 79.8 180.1 91.0 168.9 102.1 157.8 109.8 150.1 

8 69.3 180.2 115.1 181.9 122.5 174.5 130.0 167.1 135.1 162.0 

9 69.3 194.1 150.4 183.8 154.1 180.1 157.8 176.4 160.4 173.8 

10 69.3 208.0 185.7 185.7 185.7 185.7 185.7 185.7 185.7 185.7 

 
Using these above points, we can plot the fatigue curves on the operating points.  

 
Figure 6.2-1: MGFM plot in ksi 
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Using this figure, the points under the fatigue curves are considered safe, however, the points that 
particular are above the curve are with safety factors below 1 and are in danger of failure and we need 
to careful that the loading on the car is never more than that. We can draw a similar graph for metric 
units also. The table with the associated points is shown below.  

Table 6.2-2: MGFM fatigue plot data in min-max axis in MPa 

N  𝛕𝐦𝐢𝐧 𝛕𝐦𝐢𝐧 
L3 (MPa) L4 (MPa) L5 (MPa) L6 (MPa) 

𝛕𝐦𝐢𝐧 τmax 𝛕𝐦𝐢𝐧 τmax τmin τmax τmin τmax 

0  478 478 -1152 1152 -896 896 -640 640 -464 464 

1 478 574 -909 1165 -678 934 -448 704 -290 546 

2 478 669 -666 1178 -461 973 -256 768 -115 627 

3 478 765 -422 1190 -243 1011 -64 832 59 709 

4 478 860 -179 1203 -26 1050 128 896 234 790 

5 478 956 64 1216 192 1088 320 960 408 872 

6 478 1,052 307 1229 410 1126 512 1024 582 954 

7 478 1,147 550 1242 627 1165 704 1088 757 1035 

8 478 1,243 794 1254 845 1203 896 1152 931 1117 

9 478 1,338 1037 1267 1062 1242 1088 1216 1106 1198 

10 478 1,434 1280 1280 1280 1280 1280 1280 1280 1280 

 
Using the above points, we can further plot them to visualize the fatigue points that we are interested 
in.  

 
Figure 6.2-2: MGFM plot in max-min axis in Metric units 

Once again, we can deduce from the graph the safety factors and which points we should avoid to 
prevent the spring from failure.  
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Section 6.3: Mean-Alt Fatigue Plots (ksi units and MPa units) 
In this section, we can use the equation 6.1-1 generated in chapter 5 and section 6.1 above we can plot 

the fatigue lines on the operating. For all the associated τmean values, associated τ𝑎𝑙𝑡 values have been 

calculated and presented in the table 6.2-1 below. In the min-alt graph, all the life cycles have the same 

domain therefore τmean has only been shown once in the table 6.3-1 below for English units.  

Table 6.3-1: MGFM fatigue plot data in mean-alt axis in ksi 

N 𝛕𝐦𝐞𝐚𝐧 (ksi) 
L3 L4 L5 L6 

τ𝑎𝑙𝑡 (ksi) τ𝑎𝑙𝑡 (ksi) τ𝑎𝑙𝑡 (ksi) τ𝑎𝑙𝑡 (ksi) 

0 0.0 167.1 130.0 92.8 67.3 

2 18.6 150.4 117.0 83.5 60.6 

4 37.1 133.7 104.0 74.3 53.8 

6 55.7 117.0 91.0 65.0 47.1 

8 74.3 100.2 78.0 55.7 40.4 

10 92.8 83.5 65.0 46.4 33.7 

12 111.4 66.8 52.0 37.1 26.9 

14 130.0 50.1 39.0 27.8 20.2 

16 148.5 33.4 26.0 18.6 13.5 

18 167.1 16.7 13.0 9.3 6.7 

20 185.7 0.0 0.0 0.0 0.0 
 

Using the above points, we can plot the MGFM plot shown in the figure 6.3-1 below.  

 
Figure 6.3-1: MGFM plot in alt-mean axis in English units 

As mentioned earlier, the points that are under the curve are safe from fatigue, however, the points 
over the fatigue lines added are in danger of failure at that number of cycles. We observe that for L3, 
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we have three points over the curve, for L4, four points are over the curve, etc. Such analysis has to 
be carried out for all the lines. We can plot the above graph in the metric units, MPa also. The data to 
plot the graph is given in the table 6.3-2 below.  

Table 6.3-2: MGFM fatigue plot data for mean-alt plot in MPa 

N 
𝛕𝐦𝐞𝐚𝐧 
(MPa) 

L3 L4 L5 L6 

τ𝑎𝑙𝑡 (MPa) τ𝑎𝑙𝑡 (MPa) τ𝑎𝑙𝑡 (MPa) τ𝑎𝑙𝑡 (MPa) 

0 0 1152 896 640 464 

2 128 1037 806 576 418 

4 256 922 717 512 371 

6 384 806 627 448 325 

8 512 691 538 384 278 

10 640 576 448 320 232 

12 768 461 358 256 186 

14 896 346 269 192 139 

16 1024 230 179 128 93 

18 1152 115 90 64 46 

20 1280 0 0 0 0 

 
Using the above table 6.3-2, we can plot the MGFM graph in mean-alt axis in metric units.  

 
Figure 6.3-2: MGFM plot in mean-alt axis in metric units 

Using the above 4 graphs that we have plotted in the previous two sections, we can calculate the life 
expectancy of the spring with varying loads. This is the motive of the coming section where we find 
out the appropriate force needed to sustain at the specified life cycle.  
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Section 6.4: Life Expectancy 
Life expectancy of the helical coil compression spring is defined as the average age of the spring where 
we will expect the spring to face failure (shown in figure 5.1-1) at the top of the graph. The spring goes 
through numerous cycles and by using the associated fatigue models, we can confirm the life 
expectancy of the spring. As mentioned in chapter 2 and chapter 4, we are making an assumption that 
our car runs at 10,000 miles an year and there are about 10 cycles every mile. Using these two statistics 
about the car, we can come up with the life and loading for each cycle for the spring.  
 

Table 6.4-1: N loading for the points at which the spring will fail 

# of cycles Life cycle # of years N value Max Loading (lbs) 

1000 L3 0.01 7 2400 

10000 L4 0.1 6 2200 

100000 L5 1 5 2000 

1000000 L6 10 4 1800 

 

In the above table, we have identified the number of points that are under the curve and based on those, 

we have calculated the maximum loading possible using the equation 4.1-1, where it can be for the 

various loading conditions that we had identified. The N value can be identified by looking under the 

curve of any of the above 4 figures presented in the previous two sections.  

 

We want to quantify the above N value using the safety factors, which are presented in the coming 

sections in terms of the safety factors.  

 

Section 6.5: Fatigue Safety Factors for L3s Life 
The method to find the fatigue safety factors has been discussed in the section 5.3. Please visit to learn 
how to calculate these. The method has been briefly described here. To find the fatigue safety factor 
of the min-max graph, first find the intersection of the operating points line with the MGFM line, then 
subtract the preload torque from the y value. Then divide the quantity found by the y value of the 
operating point minus the pre-load torque. Similarly, the graph for mean-alt graph, find the 
intersection of the operating points line and the MGFM plot. Then divide the y value by the y value of 
the operating point to find the safety factor. The interesting part to know is that the values of the 
safety factors are exactly the same in both the plots and the units. For L3, the fatigue the point of 
intersection for min-max is (69.33, 179.53 ksi) and for mean-alt plot is (124.43, 55.10 ksi). Using these 
points, we can find the safety factors for the L3 life cycle.xlvi  

Table 6.5-1: Safety Factors for L3 

Operating points L3 

1 7.95 

2 3.97 

3 2.65 

4 1.99 

5 1.59 

6 1.32 

7 1.14 

8 0.99 

9 0.88 

10 0.79 
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For L3 life, we see that 7 points are above the range of 1 and are safe. So this means that for 1000 
cycles, a weight of 2400 lbs can be applied on the spring and there is no danger of failure in this time.  
 

Section 6.6: Fatigue Safety Factors for L4s Life 
The process to find the safety factors for the L4 life is very similar to that of L3. The only difference is 
that the point of intersection in both the figures is different. For L4, the fatigue the point of 
intersection for min-max is (69.33, 165.12 ksi) and for mean-alt plot is (117.23, 47.90 ksi). Using these 
points, we can find the safety factors for the L4 life cycle.  

Table 6.6-1: Safety Factors for L4 

Operating points L4 

1       6.91  

2       3.45  

3       2.30  

4       1.73  

5       1.38  

6       1.15  

7       0.99  

8       0.86  

9       0.77  

10       0.69  

 
For L4 life, we see that 6 points are above the range of 1 and are safe. So this means that for 10000 
cycles, a weight of 2200 lbs can be applied on the spring and there is no danger of failure in this time.  
 

Section 6.7: Fatigue Safety Factors for L5s Life 
Once again the method to find the L5 fatigue safety factors is similar to the methods before. For L5, 
the fatigue the point of intersection for min-max is (69.33, 146.87 ksi) and for mean-alt plot is (108.10, 
38.77 ksi). Using these points, we can find the safety factors for the L5 life cycle.  

Table 6.7-1: Safety Factors for L5 

Operating points L5 

1         5.59  

2         2.80  

3         1.86  

4         1.40  

5         1.12  

6         0.93  

7         0.80  

8         0.70  

9         0.62  

10         0.56  

 
For L5 life, we see that 5 points are above the range of 1 and are safe. So this means that for 100000 
cycles, a weight of 2000 lbs can be applied on the spring and there is no danger of failure in this time.  
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Section 6.8: Fatigue Safety Factors for L6s Life 
L6 is 1,000,000 cycles, which is also known as the infinite cycles. I car covers 1 million cycles 
in 10 years, according to table 6.4-1. Finally, we can calculate the safety factors of infinite 
cycles also. For L6, the fatigue the point of intersection for min-max is (69.33, 131.23 ksi) and for 
mean-alt plot is (100.28, 30.95 ksi). Using these points, we can find the safety factors for the L6 life 
cycle.  

Table 6.8-1: Safety Factors for L6 

Operating points L6 

1          4.46  

2          2.23  

3          1.49  

4          1.12  

5          0.89  

6          0.74  

7          0.64  

8          0.56  

9          0.50  

10          0.45  

 
For infinite life, we see that 4 points are above the range of 1 and are safe. So this means that for 
1000000 cycles, a weight of 1800 lbs can be applied on the spring and there is no danger of failure in 
this time. This is much smaller in comparison to the maximum of 3000lbs that was applied.   

 
What are the implications of knowing the safety factor? We have learnt from our analysis the 
maximum weight allowed if we want our car to survive for the specified life span of a car. If a 
user of Toyota RAV4 XLE is always going around with weight more than 1800 lbs, which is with 
the family, then it is suggested that the user must change the helical coil suspension spring 
within 10 years of purchase of the car. If the user generally drives alone, which is less than 
1600lbs, then the user does not need to worry about the spring suspensions. 
 

Section 6.9: Table of data 
Table 6.9-1: Cycle notation 

Category Cycle count 

L3 1,000 

L4 10,000 

L5 100,000 

L6 – infinite life  1,000,000 

 
Table 6.9-2: Endurance limit stress for various cycles 

 Parameter Value Metric Units Value English Units 

L3s S3us = 0.90 Sus 1152 MPa 167.08 ksi 

L4s S4us = 0.70 Sus 896 MPa 129.95 ksi 

L5s S5us = 0.50 Sus 640 MPa 92.82 ksi 

L6s S6us = 0.36 Sus 464 MPa 67.31 ksi 
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Table 6.9-3: MGFM fatigue plot data in ksi and MPa 

N  𝛕𝐦𝐢𝐧 𝛕𝐦𝐢𝐧 
L3 (ksi) L4 (ksi) L5 (ksi) L6 (ksi) 

𝛕𝐦𝐢𝐧 τmax 𝛕𝐦𝐢𝐧 τmax τmin τmax τmin τmax 

0  69.3 69.3 -167.1 167.1 -130.0 130.0 -92.8 92.8 -67.3 67.3 

1 69.3 83.2 -131.8 168.9 -98.4 135.5 -65.0 102.1 -42.0 79.1 

2 69.3 97.1 -96.5 170.8 -66.8 141.1 -37.1 111.4 -16.7 91.0 

3 69.3 110.9 -61.3 172.7 -35.3 146.7 -9.3 120.7 8.6 102.8 

4 69.3 124.8 -26.0 174.5 -3.7 152.2 18.6 130.0 33.9 114.6 

5 69.3 138.7 9.3 176.4 27.9 157.8 46.4 139.2 59.2 126.5 

6 69.3 152.5 44.6 178.2 59.4 163.4 74.3 148.5 84.5 138.3 

7 69.3 166.4 79.8 180.1 91.0 168.9 102.1 157.8 109.8 150.1 

8 69.3 180.2 115.1 181.9 122.5 174.5 130.0 167.1 135.1 162.0 

9 69.3 194.1 150.4 183.8 154.1 180.1 157.8 176.4 160.4 173.8 

10 69.3 208.0 185.7 185.7 185.7 185.7 185.7 185.7 185.7 185.7 

0  478 478 -1152 1152 -896 896 -640 640 -464 464 

1 478 574 -909 1165 -678 934 -448 704 -290 546 

2 478 669 -666 1178 -461 973 -256 768 -115 627 

3 478 765 -422 1190 -243 1011 -64 832 59 709 

4 478 860 -179 1203 -26 1050 128 896 234 790 

5 478 956 64 1216 192 1088 320 960 408 872 

6 478 1,052 307 1229 410 1126 512 1024 582 954 

7 478 1,147 550 1242 627 1165 704 1088 757 1035 

8 478 1,243 794 1254 845 1203 896 1152 931 1117 

9 478 1,338 1037 1267 1062 1242 1088 1216 1106 1198 

10 478 1,434 1280 1280 1280 1280 1280 1280 1280 1280 

 
Table 6.9-4: MGFM fatigue plot data in ksi 

N 𝛕𝐦𝐞𝐚𝐧 (ksi) 
L3 L4 L5 L6 

τ𝑎𝑙𝑡 (ksi) τ𝑎𝑙𝑡 (ksi) τ𝑎𝑙𝑡 (ksi) τ𝑎𝑙𝑡 (ksi) 

0 0.0 167.1 130.0 92.8 67.3 

2 18.6 150.4 117.0 83.5 60.6 

4 37.1 133.7 104.0 74.3 53.8 

6 55.7 117.0 91.0 65.0 47.1 

8 74.3 100.2 78.0 55.7 40.4 

10 92.8 83.5 65.0 46.4 33.7 

12 111.4 66.8 52.0 37.1 26.9 

14 130.0 50.1 39.0 27.8 20.2 

16 148.5 33.4 26.0 18.6 13.5 

18 167.1 16.7 13.0 9.3 6.7 

20 185.7 0.0 0.0 0.0 0.0 

0 0 1152 896 640 464 

2 128 1037 806 576 418 
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4 256 922 717 512 371 

6 384 806 627 448 325 

8 512 691 538 384 278 

10 640 576 448 320 232 

12 768 461 358 256 186 

14 896 346 269 192 139 

16 1024 230 179 128 93 

18 1152 115 90 64 46 

20 1280 0 0 0 0 

 

Table 6.9-5: N loading for the points at which the spring will fail 

# of cycles Life cycle # of years N value Max Loading (lbs) 

1000 L3 0.01 7 2400 

10000 L4 0.1 6 2200 

100000 L5 1 5 2000 

1000000 L6 10 4 1800 

 

Table 6.9-6: Safety Factors  

Operating points L3 L4 L5 

1 7.95       6.91          5.59  

2 3.97       3.45          2.80  

3 2.65       2.30          1.86  

4 1.99       1.73          1.40  

5 1.59       1.38          1.12  

6 1.32       1.15          0.93  

7 1.14       0.99          0.80  

8 0.99       0.86          0.70  

9 0.88       0.77          0.62  

10 0.79       0.69          0.56  

 

Section 6.10: References 

xlv LLC. “Fatigue - Strength ( Mechanics ) of Materials.” Engineers Edge, 

www.engineersedge.com/material_science/fatigue_failure.html 
xlvi Lecture Notes – AME 3353 – 04-22-2018 

 

 

Section 6.11: Level of Effort 
 
I spent about 10 hours working on this report. Thank you 
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Chapter 7: Summary and Conclusions: Project Results and Lessons 

Learned 
The complete fatigue factors and their influence have been terminated in the previous chapters for a 

helical coil compression from Toyota RAV4 XLE 2015. This chapter will present important results 

from the previous chapters and briefly summarize the whole process. The hope of the author is that any 

interested person would be able to follow the instructions in the book and carry out his/her own fatigue 

analysis of any helical coil compression spring for any application.  

 

Section 7.1: Summarize Project Results 
To describe the whole process for the fatigue, first we have to identify the most important parameters 

of the car and the spring that we are analysing. This includes the mass of the car, various diameters and 

thicknesses of the spring. This are supplied in section 1.4. Following that, we consider what kind of 

environment the car will be travelling in. These defines the boundary of our application and the 

conditions the spring is going to be in. These along with various dimensions and materials list is 

presented in chapter 2.4.  

 

The next section is very important in understanding what kind of preload forces are acting on the spring. 

These are the forces that will act on the spring whether the car is moving or stationary. We defined this 

to be 1000lbs. Relating to this, we found various mean and minimum stresses, which are crucial to 

expand our knowledge about the fatigue analysis. We developed equation to convert this pre-load force 

to find that only shear forces and stresses act on a helical coil compression spring. Here we used 

numerous theories learnt in solid mechanics. The final shear stress was found to be:  

 
τxy,total curvature =

2CF0

A
(
4C − 1

4C − 4
+

0.615

C
) 

 Equation 7.1-1 

Here, C is the ratio of the thickness of the wire of the spring to the diameter of the coiling, F0 is the 

preload force that is applied. We found that the maximum shear stress faced by the spring we are 

analysing is 438.93 MPa or 63.66 ksi. This is a very important result of calculated out of the chapter 3. 

Using this, we also calculated the safety factor of the from the above stress value to the tensile strength, 

which was found to be 2.27.  

 

In the next section, chapter 4, we applied numerous oscillating weights and observed how the stress 

changes with more force being applied. From 1000lbs as the pre-load force, we applied upto 3000lbs 

with increments of 200lbs. Using the above equation 7.1-1, these forces can be used to calculate the 

stress values. These forces are summarised in the table 7.1-1 below.  

Table 7.1-1: Force, maximum and minimum stresses 

N - Operating 
points 

Force (N) 𝝉𝒎𝒊𝒏(𝑴𝑷𝒂) 𝝉𝒎𝒂𝒙(𝑴𝑷𝒂) Force (lbf) 𝝉𝒎𝒊𝒏(𝒌𝒔𝒊) 𝝉𝒎𝒂𝒙(𝒌𝒔𝒊) 

0 - pre-load 4448         477.98          477.98  1000           69.33            69.33  

1 5338         477.98          573.58  1200           69.33            83.19  

2 6228         477.98          669.17  1400           69.33            97.06  

3 7117         477.98          764.77  1600           69.33          110.92  

4 8007         477.98          860.36  1800           69.33          124.79  

5 8896         477.98          955.96  2000           69.33          138.65  

6 9786         477.98       1,051.56  2200           69.33          152.52  

7 10676         477.98       1,147.15  2400           69.33          166.38  

8 11565         477.98       1,242.75  2600           69.33          180.25  

9 12455         477.98       1,338.34  2800           69.33          194.11  

10 13345         477.98       1,433.94  3000           69.33          207.98  
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These points can be plotted below in the following manner. Only the one with English units is presented.  

 
Figure 7.1-1: Graph of alternating vs mean stress in ksi 

 

On top of these graphs, more fatigue plots can be superimposed to analyse which points of the force on 

the spring are under immense fatigue loading. This will be done in the chapter 5 and 6.  

 

In chapter 5, we develop fatigue models to help analyse the different plotted points above. We plot the 

Modified Goodman Fatigue model (MGFM). The MGFM for the alt-mean graph is given by the 

equation: 

 
τalt−N = −

SNus

Sus
τmean + SNus 

 Equation 7.1-2 

 

To understand what each parameters mean, please visit equation 5.2-1. A similar equation can be written 

for max-min graph also.  

 
τmax = SNus +

Sus − SNus

Sus + SNus

(SNus + τmin) 
 Equation 7.1-3 

 

To understand what each parameters mean, please visit equation 5.2-3. Once again these values can be 

used to plot the fatigue plots, which was done in chapter 6. The max-min graph looks like as such: 
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Figure 7.1-2: MGFM plot in ksi 

 

Similarly, a alt-mean graph can also be plotted like the following.  

 
Figure 6.2-1: MGFM plot in max-min axis in Metric units 
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Using all the particular values, various safety factors can also be calculated for each point. They are 

listed in the table below.  

Table 7.1-2: Safety Factors  

Operating points L3 L4 L5 L6 

1 7.95       6.91          5.59           4.46  

2 3.97       3.45          2.80           2.23  

3 2.65       2.30          1.86           1.49  

4 1.99       1.73          1.40           1.12  

5 1.59       1.38          1.12           0.89  

6 1.32       1.15          0.93           0.74  

7 1.14       0.99          0.80           0.64  

8 0.99       0.86          0.70           0.56  

9 0.88       0.77          0.62           0.50  

10 0.79       0.69          0.56           0.45  
 

What are the implications of knowing the safety factor? We have learnt from our analysis the 
maximum weight allowed if we want our car to survive for the specified life span of a car. If a 
user of Toyota RAV4 XLE is always going around with weight more than 1800 lbs, which is with 
the family, then it is suggested that the user must change the helical coil suspension spring 
within 10 years of purchase of the car. If the user generally drives alone, which is less than 
1600lbs, then the user does not need to worry about the spring suspensions. 
 

Section 7.2: Fatigue Application Learning 
There are numerous things to be learnt from carrying out this project and they have been listed below:  

- Numerous relevant equations to calculate the clamping forces 

- Derivation to calculate the force on each lug stud at any point 

- Pre-load torque analysis 

- 2D and 3D stress elements analysis 

- Alternating and mean stresses 

- Load Cycles 

- Graphical analysis 

- Modified Goodman Fatigue Plots  

- Fatigue and Fatigue Analysis 

 

Section 7.3: Lessons Learned 
Just as there are numerous things to be learnt from the fatigue analysis, in broader applications, there 

are number of things I learnt as well:  

- Complicated Excel Data Analysis 

- Working on online documents to auto-save files 

- Word formatting techniques 

- Work under pressure 

- Benefits of getting started early on projects 

- Fatigue and Fatigue Analysis 

- Application of solid mechanics in real life situations 

 

For the next chapter, I will keep all my documents online. This makes is easier to access them and 

prevents them from losing. I would also like to get started early in the week when the project is due. 

This is essential to my success in the class as I am already in a “b” grade in class. For the final report, I 
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actually went out and looked at the textbook to learn from how they edit and made my book look the 

same. This is the strategy I plan to use in the following project 2. Now that I know how I want my final 

project report to look like, I am going to make sure I follow the same formatting from the very beginning. 

This will make the formatting part easier at the very end.  

 

Section 7.4: Level of Effort 
I spent about 90 more hours working and editing everything for the final report  

 

Section 7.5: References 
1 LLC. “Fatigue - Strength ( Mechanics ) of Materials.” Engineers Edge, 

www.engineersedge.com/material_science/fatigue_failure.html 
2 Lecture Notes – AME 3353 – 04-22-2018 

 


